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A B S T R A C T
The  p re s e n t  w o r k  a t te m p ts  to  o b ta in  a m a th e m a t ic a l  m o d e l  fo r  
g e n e ra t io n  and d is p e rs io n  o f p h o to c h e m ic a l  sm og . A  s im p l i f ie d  k in e t ic  
m o d e l  w h ic h  is  p ro p o s e d  by F R IE D L A N D E R  and S E IN F E L D  (1969), is  
p re s e n te d  f o r  the  p h o to c h e m ic a l  sm og  re a c t io n s .  T o  take  in to  a c c o u n t  the 
e f fe c t  o f a tm o s p h e r ic  m ix in g  p ro c e s s e s  on the  c h e m ic a l  r e a c t io n s ,  the 
L a g ra n g ia n  s i m i l a r i t y  h y p o th e s is  f o r  the d i f fu s io n  o f  n o n - r e a c t iv e  c o m ­
ponen ts  is  ex tended  to  r e a c t in g  s p e c ie s .  The conce p t o f  a v a r ia b le  
v o lu m e  b a tc h  r e a c to r  m o d e l  (V V B R )  is  a p p l ie d  in  the  s tudy  o f  the  f o r m a ­
t io n  o f  p h o to c h e m ic a l  sm og . The c r i t i c a l  v a lu e ,  [ h / b u * ]cr. w h e re  
h  is  the s o u rc e  h e ig h t ,  b c o n s ta n t  and U* f r i c t i o n  v e lo c i t y ,  f o r  the 
onse t o f  p h o to c h e m ic a l  sm og  is  found .
C a lc u la t io n s  based  on the s im p l i f i e d  k in e t i c  m o d e l  and the a p p l i c a ­
t io n s  o f the L a g ra n g ia n  s i m i l a r i t y  h y p o th e s is  a re  g iv e n  f o r  a n o n l in e a r ,  
second o r d e r  c h e m ic a l  r e a c t io n .  F in a l l y ,  d e te r m in a t io n  o f the  p r o b a b i l i t y  
d e n s i ty  fu n c t io n  o f the p o l lu ta n t  is  g ive n  f o r  the n o n - r e a c t in g  case.
1I .  IN T R O D U C T IO N
A . A i r  P o l lu t io n  and P h o to c h e m ic a l  Smog
A i r  p o l lu t io n  r e fe r s  to  the p re s e n c e  o f a n th ro p o g e n ic  f o re ig n  
subs tances  (o th e r  than  O 2 , N 2 and nob le  gases), e i th e r  r e a c t iv e  o r  
n o n - r e a c t iv e  in  the a tm o s p h e re .  W hen the c o n c e n t ra t io n  o f  these  fo re ig n  
subs tances  in c re a s e s  to  a c e r ta in  d e g re e ,  they  in t e r f e r e  w i th  hum an 
be ings  and t h e i r  e n v i ro n m e n t ,  and a i r  p o l lu t io n  is  sa id  to  be c re a te d .  The 
t e r m  " s m o g "  o r ig in a te d  in  G re a t  B r i t a i n  as a p o p u la r  d e r iv a t io n  o f " s m o k e -  
f o g " .  Smog has been p o p u la r ly  used  to d e s c r ib e  any a i r  p o l lu t io n  a c c o m p a n ie d  
by a d e c re a s e  in  v i s i b i l i t y .  U n le s s  sm og  is  c o n t r o l le d ,  i t  w i l l  in e v i t a b ly  
beco m e  a s e r io u s  t h re a t  to  the h e a l th  and e n v i ro n m e n t  o f  the l i v in g  be ings  
on the e a r th ,  e s p e c ia l ly  in  u rb a n  and in d u s t r i a l  a re a s .
In  g e n e ra l ,  we can d is t in g u is h  tw o  typ e s  o f sm og , v iz .  , c h e m ic a l l y  
r e a c t iv e  and n o n - c h e m ic a l l y  r e a c t iv e .  The c o n s t i tu e n ts  e m i t te d  d i r e c t l y  
f r o m  s o u rc e s  a re  u s u a l ly  te r m e d  p r im a r y  c o n ta m in a n ts .  I f  these  p r im a r y  
c o n ta m in a n ts  a re  m a in l y  r e s p o n s ib le  f o r  the o b s e rv e d  e f fe c ts  o f  a i r  p o l lu t io n  
and i f  th e y  a re  d is p e rs e d  in  the a tm o s p h e re  w i th o u t  u n d e rg o in g  c h e m ic a l  
change, th e n  these  p r i m a r y  c o n ta m in a n ts  a re  n o n -c h e m ic a l l y  r e a c t iv e  
p o l lu ta n ts ;  f o r  e x a m p le ,  c a rb o n  m o n o x id e  and le ad  p a r t i c le s .
C o n s t i tu e n ts  w h ic h  a re  n o t  e m it te d  d i r e c t l y  f r o m  s o u rc e s  in  
a p p re c ia b le  q u a n t i t ie s  bu t a re  fo rm e d  in  the a tm o s p h e re  f r o m  c h e m ic a l  
r e a c t io n s  am ong  the p r im a r y  c o n ta m in a n ts  a re  c a l le d  s e c o n d a ry  c o n ta m in ­
a n t s .  I f  these  s e c o n d a ry  c o n ta m in a n ts  a re  m a in l y  re s p o n s ib le  f o r  the 
o b s e rv e d  e f fe c ts  o f  a i r  p o l lu t io n ,  then  these  s e c o n d a ry  c o n ta m in a n ts  becom e 
c h e m ic a l l y  r e a c t iv e  a i r  p o l lu t io n .  F o r  e x a m p le ,  o z o n e 1, n i t r o g e n  d io x id e  
(a ls o  a p r im a r y  c o n ta m in a n t ) ,  o x id iz e d  o rg a n ic  p ro d u c ts  such  as
1Ozone is  a ls o  p ro d u c e d  n a tu r a l ly .
2P A N 's  ( P e r o x y a c y l  N i t r a te s ) ,  fo rm a ld e h y d e ,  e t c . ,  (which m a y  be m a in ly  re s p o n s ib le  
f o r  eye i r r i t a t i o n )  f r o m  the re a c t io n s  be tw een  a u to m o b i le  e xh a u s ts ,  oxygen , sun -  
s l ig h t ,  e tc .  , c o n s t i tu te  the k in d  o f  c h e m ic a l ly  reactive a i r  p o l lu t io n  th a t  is  p o p u la r ly  
c a l le d  p h o to c h e m ic a l  sm og . In  s h o r t ,  p h o to c h e m ic a l  sm og  is  the r e s u l t  o f  a s e r ie s  
o f  u l t r a v io le t - i n i t i a t e d * r e a c t io n s  in v o lv in g  h y d ro c a rb o n s  o r  o th e r  o rg a n ic  com pounds and 
n i t r i c  o x id e .  I t s  c h ie f  s o u rc e  is  a u to m o b i le  exhaus t,  w h ic h  is  c o m p r is e d  o f c a rb o n  
m o n o x id e ,  fo rm a ld e h y d e  and o th e r  p a r t i a l l y  o x id iz e d  h y d ro c a rb o n s  and n o x io u s  gases.
I t  has been e s ta b l is h e d  th a t  p h o to c h e m ic a l  sm og is  a c h e m ic a l l y  r e a c t in g  type  o f  
a i r  p o l lu t io n  (L e ig h to n ,  1961; W ayne, 1962; A l t s h u l l e r  and B u fa l in i ,  1965; S tephens, 
1966, 1969; H a a g e n -S m it  and W ayne, 1967). In  the  L o s  A n g e le s  b a s in  th e re  is  
good ev idence  (M id d le to n  and H a a g e n -S m it ,  1960; H a a g e n -S m it ,  1952) th a t  the  
h y d ro c a rb o n s  and ox ides  of n i t r o g e n  f r o m  a u to m o b i le  exhaus ts  a re  s t ro n g  c o n ­
t r i b u t o r s  to  the p ro d u c t io n  o f sm og  d u r in g  those  days w hen  a i r  c i r c u la t i o n  is  
lo w  and th e re  is  an abundance o f s u n l ig h t .  S e v e ra l  thousand  d i f f e r e n t  o rg a n ic  
com pounds  and o th e r  o x idan ts  a re  p ro d u c e d  by  c h e m ic a l  and p h o to c h e m ic a l  
r e a c t io n s .  Some o f  the co m pon en ts  th a t  a re  e m i t te d  o r  p ro d u c e d  cause eye 
i r r i t a t i o n ,  p la n t  and a n im a l  dam age , lo s s  o f v i s i b i l i t y ,  and o d o r ,  and th e y  a re  
p o s s ib le  h e a l th  h a z a rd s  to  exposed  p e rs o n s .
T he  f o r m a t io n  o f p h o to c h e m ic a l  sm og o v e r  an u rb a n  a re a  is  c o n t r o l le d  
by  the  r a te  a t  w h ic h  re a c ta n ts  ( p r i m a r i l y  u n b u rn e d  h y d ro c a rb o n s  and n i t r i c  
ox ide )  a re  in t ro d u c e d  in to  the a tm o s p h e re ,  the m ix in g  o f the a i r  m a s s e s ,  the 
t e m p e r a tu r e  and s o la r  r a d ia t io n .  B ecause  of these  m a n y  fa c to r s  w h ic h  
in f lu e n c e  the e x is te n c e  o f the sm og p ro b le m ,  a s y s te m a t ic  a p p ro a c h  to w a rd  
the c o n t r o l  o f a i r  p o l lu t io n  is  r e q u i r e d .
A s  a f i r s t  s tep  in  the c o n t r o l  o f a i r  p o l lu t io n ,  a i r  c o n t r o l  re g io n s  have 
been e s ta b l is h e d  in c o r p o r a t in g  tw o  o r  m o re  c o m m u n i t ie s  th a t  have
a c o m m o n  a i r  p o l lu t io n  p r o b le m  (S ec 'y .  , H E W , 1968). E a ch  re g io n  is  
r e s p o n s ib le  f o r  the d e v e lo p m e n t  o f lo c a l  a i r  q u a l i t y  s ta n d a rd s .  The c o n t r o l  
o f  a i r  p o l lu t io n  in  each  r e g io n  m a y  be a c h ie v e d  by e i th e r
 
* 3100 -4000  Å w a v e le n g th ,  le s s  than 3100 Å does n o t  p e n e t ra te  the lo w e r  
a tm o s p h e re .
3(i) m o d i f i c a t io n  o f  the s ta te  o f  a tm o s p h e re ,  o r
( i i )  c o n t r o l l in g ,  d is t r ib u t in g  (g e o g ra p h ic a l ly ) ,  o r  r e m o v in g  the s o u rc e  of 
p o l lu ta n ts
o r  bo th  to re a c h  the p re s e n t  a i r  q u a l i ty  s ta n d a rd s .  F o r  e x a m p le ,  the 
C a l i f o r n ia  D e p a r tm e n t  o f  P u b l ic  H e a l th  has e s ta b l is h e d  the fo l lo w in g  
s ta n d a rd s  f o r  c a rb o n  m o n o x id e :  30 p p m  fo r  an 8 -h o u r  e x p o s u re ;  120 
p p m  fo r  a 1 -h o u r  e x p o s u re .  S tand a rd s  f o r  n i t r o g e n  o x id e s  have been based 
on a tm o s p h e r ic  c o lo ra t io n  and le v e ls  l i k e l y  to  cause lo n g - t e r m  h e a lth  
im p a i r m e n ts .  O x id a n t  le v e ls  have been te n ta t iv e ly  set as 0. 1 p p m  fo r  
a 1 -h o u r  a v e ra g e ,  n o t  to  be exceeded  m o re  than  one p e r c e n t  of the t im e .
The  p r e s e n t  s tudy  w i l l  be to  c o n c e n tra te  on ( i i ) .  The p r o b le m  th e n  is  to  
d e te rm in e  the  c o n c e n t ra t io n  o f  a i r  p o l lu ta n ts  c o n c e n t ra t io n  a t  any t im e ,  at 
any lo c a t io n  f o r  a g iv e n  e m is s io n  s o u rc e  and m e te o ro lo g y  o f  the c o n t r o l  re g io n .  
C o n v e rs e ly ,  the q u e s t io n  c o r re s p o n d s  to  g iv e n  p re s e n t  s ta n d a rd  (say  fo r  
m o to r  v e h ic le  e m is s io n  s ta n d a rd s ,  see T a b le  I ) ,  w h a t  can be the  m a x im u m  
in p u t  s o u rc e  a l lo w e d ?  T o  p r o v id e  a b a s is  f o r  a n s w e r in g  such  q u e s t io n s ,  i t  is  
n e c e s s a ry  to  have r e l i a b le  m o d e ls  f o r  p r e d ic t in g  the p o l lu ta n ts  c o n c e n t ra t io n  
a t  any  t im e ,  any lo c a t io n  in  the c o n t r o l  r e g io n .
I n  p r in c ip le ,  the above q u e s t io n  can be a n s w e re d ,  a t  le a s t  in  p a r t ,  th ro u g h  
s o lu t io n s  o f  the eq u a t io n  o f  c o n t in u i ty  f o r  each  spec ies  in  a t u rb u le n t  
m e d iu m  (B IR D , e t.  a l . , 1960, p . 557) p ro v id e d  the m e te o ro lo g y  is  know n,
(1)
w h e re  we a ss u m e  the  a i r  d e n s i ty  is  co n s ta n t ,  Di  is  m o le c u la r  d i f f u s i v i t y  
i n  the a i r  , ri  c h e m ic a l  r e a c t io n  ra te  and C i  the c o n c e n t ra t io n  o f spec ies  i ,
the w in d  v e lo c i t y  v e c to r .  In  a t u rb u le n t  f lo w  C i  w i l l  be a
f lu c tu a t in g  fu n c t io n  o f  t im e .  I t  is  then  c o n v e n ie n t  to  re p la c e  Ci by the 
s u m  o f  a t im e -s m o o th e d  va lue and a tu rb u le n t  c o n c e n t ra t io n  f lu c t u a ­
t io n  C'i :
(2)
S im i l a r l y ,  re p la c e and
n e g le c t  the m o le c u la r  d i f fu s io n .  Then , a f te r  t im e  a v e ra g in g ,  we have
(3)
T he  t e r m d e s c r ib e s  the tu rb u le n t  m a s s  t r a n s p o r t .  One w ay  of 
s o lv in g  E qn. (3) i s  to  re p la c e  the tu rb u le n t  m a s s  v e c to r by
a r e la t io n  ana logous  to  F i c k 's  la w  o f d i f fu s io n :
(4)
w h e re  Kj  is  the tu rb u le n t  d i f f u s i v i t y  o r  eddy d i f f u s i v i t y  in  the  j  - d i r e c t io n .  
F u r t h e r  a s s u m in g and n e g le c t in g  the 
f lu c tu a t in g  t e r m  γ ' i , we thus  o b ta in  the equ a tion  o f c o n t in u i ty  f o r  a 
sp e c ie s  i  in  t u rb u le n t  a tm o s p h e re  t r a n s p o r t  w i th  c h e m ic a l  re a c t io n :
(5)
E q u a t io n  (3) w i th  a p p ro p r ia te  b o u n d a ry  c o n d it io n s  is  the fu n d a m e n ta l  
e q u a t io n  o f  th is  r e s e a r c h  in  d e te r m in in g  the c o n c e n t ra t io n  d i s t r ib u t io n  o f a i r b o r n e  
p o l lu ta n ts .  E qn . (5) is  o b ta ined  by a s s u m in g  tu rb u le n t  m a s s  f lu x  ana logous  to  
F i c k 's  la w  of d i f fu s io n .  I t  is  n o n l in e a r  (because o f γ - i ), s im u l ta n e o u s ,
η  cou p le d  p a r t i a l  d i f f e r e n t ia l  equ a tion .  In  g e n e ra l ,  the s o lu t io n  o f  the 
above e q u a t ion  r e q u i r e s  in fo r m a t io n  on the m e te o r o lo g ic a l  c o n d it io n s  (w ind  
speed, s o la r  r a d ia t io n ,  e tc .  ), the eddy d i f f u s iv i t i e s  Kx , Ky , K z , and
c h e m ic a l  r e a c t io n  ra te
T he  m a th e m a t ic a l  m o d e l in g  o f an a i r
5q u a l i t y  c o n t r o l  r e g io n  f o r  p h o to c h e m ic a l  sm og in c lu d e s  the  fo l lo w in g  
s teps  (S E IN F E L D ,  1969):
1. d e te r m in a t io n  o f m e te o r o lo g ic a l  fa c to r s  in f lu e n c in g  
the d is p e r s io n  o f a i r b o r n e  p o l lu ta n ts ,
2. d e te r m in a t io n  o f a s u i ta b le  k in e t ic  m e c h a n is m  f o r  the 
a tm o s p h e r ic  c h e m ic a l  r e a c t io n  o f  a i r b o r n e  p o l lu ta n ts ,
3. c o m b in a t io n  of above tw o  to  f o r m u la te  a m o d e l  p r e d ic t in g  
p o l lu ta n t  c o n c e n t ra t io n  d i s t r ib u t io n  as a fu n c t io n  o f  t im e  and 
lo c a t io n .
A  m a jo r  o b je c t iv e  o f th is  r e s e a r c h  is  the in v e s t ig a t io n  o f  s tep  (3). In  the p re s e n t  
s tudy , s tep (2) is  based on the  m e c h a n is m  p ro p o s e d  by  F r ie d la n d e r  and 
S e in fe ld  (1969). In  fu tu re  w o rk ,  a m o re  s o p h is t ic a te d  m e c h a n is m  m a y  be 
a p p l ie d .  I n fo r m a t io n  on s tep  (1) com es  m a in ly  f r o m  m e te o r o lo g ic a l  s tu d ie s .
T h e  e f fe c t  o f m e te o ro lo g y  on a i r  p o l lu t io n  has been re v ie w e d  r e c e n t ly  b y  
P a n o fs k y  (1969) and N e ib u rg e r  (1969). T h e y  can be s u m m a r iz e d  b r i e f l y  as 
fo l lo w s :
1. The e f fe c t  on t r a n s p o r t  o f  p o l lu ta n ts  is  m a in ly  due to  the w in d .
2. The  e f fe c t  on a tm o s p h e r ic  d is p e r s io n  depends on m e a n  w in d  speed 
and on the c h a r a c t e r i s t i c s  o f a tm o s p h e r ic  tu rb u le n c e .
3. T he  e f fe c t  on the  " e f f e c t i v e "  e m is s io n  h e ig h t  depends c r i t i c a l l y  
on the  d i f fe re n c e  be tw een  the t e m p e ra tu r e  o f  the e f f lu e n t  and 
th a t  o f  s u r ro u n d in g  a i r .
4. The  e f fe c t  on c h e m ic a l  r e a c t io n  ra te  c o n s ta n ts  a re  in f lu e n c e d  by 
t e m p e ra tu r e  fo r  th e r m o c h e m ic a l  r e a c t io n  and s u n l ig h t  in te n s i t y  
f o r  p h o to c h e m ic a l  r e a c t io n s  (S E IN F E L D ,  1969).
6B . M a th e m a t ic a l  M o d e l  o f  P h o to c h e m ic a l  Smog
I t  has been p o in te d  out in  p a r t  A  th a t  the  m a in  e f f o r t  o f th is  
r e s e a r c h  is  to  c o n s t r u c t  a s im p le  m o d e l  f o r  c o m b in in g  the  in fo r m a t io n  o f  
m e te o r o lo g ic a l  c o n d it io n s  and c h e m ic a l  k in e t ic  m e c h a n is m  to fo rm u la te  a 
n u m e r ic a l  te ch n iq u e  fo r  p r e d ic t in g  the p o l lu ta n t  c o n c e n t ra t io n  d i s t r ib u t io n .
A  d i r e c t  a p p ro a c h  to  the above p r o b le m  is  to  f in d  the s o lu t io n s  o f  Eqn. (5).
In  the case o f n o n - c h e m ic a l l y  r e a c t in g  p o l lu ta n ts ,  n u m e ro u s  s o lu t io n s  to  
(5) have been ob ta in e d  f o r  d i f f e r e n t  s o u rc e s  u s in g  d i f f e r e n t  e x p re s s io n s  
f o r  the eddy d i f f u s iv i t i e s  Κ x , K y  and K z (P A S Q U IL L ,  1962). In  fa c t ,  
the d i f f u s iv i t i e s  a re  c o m p l ic a te d  fu n c t io n s  o f  p o s i t io n  in  the tu rb u le n t  f ie ld .
F o r  th is  re a s o n ,  the d i r e c t  s o lu t io n s  o f  Eqn. (5) have no t been v e r y  s a t i s ­
f a c to r y  (m a in ly  the  b o u n d a ry  c o n d it io n s  have been u n r e a l i s t i c  and w in d  f ie ld  
n o t  a ccou n te d  f o r )  i n  p r e d i t in g  a tm o s p h e r ic  c o n c e n t ra t io n s  ex c e p t  in  som e 
v e r y  id e a l iz e d  cases .  T h is  a p p ro a c h  is  m a in ly  a n u m e r ic a l  c a lc u la t io n  o f 
s im u l ta n e o u s  p a r t i a l  d i f f e r e n t ia l  equa tions  on a s p a t ia l  d o m a in  re p re s e n t in g  an 
u rb a n  a re a  s u b je c t  to  the a p p ro p r ia te  b o u n d a ry  c o n d it io n s .  H o w e v e r ,  la c k  
o f  d e ta i le d  know le dge  o f  eddy d i f f u s iv i t i e s ,  a tm o s p h e r ic  tu rb u le n c e  c h a r a c t e r ­
i s t i c s  in  the p re s e n c e  o f b u i ld in g s ,  w in d  p a t te rn s ,  e tc .  m a k e s  th is  a p p ro a c h  
d i f f i c u l t  a t  p re s e n t .  The d i r e c t  a p p ro a c h  to w a rd  the s o lu t io n  o f  E qn . (5) w i l l ,  
t h e r e fo r e  be b ypa ssed  by a m o r e  s im p l i f i e d  m o d e l  w h ic h  is  c o m p u ta t io n a l ly  
fe a s ib le  y e t  s t i l l  (h o p e fu l ly )  r e ta in  the e s s e n t ia l  a s p e c ts  o f  the p h y s ic a l  
s i tu a t io n .  The d i r e c t  a p p ro a c h  w i l l  be used  o n ly  as a ch e c k  to  the s im p l i f i e d  m o d e l .  
The  s im p l i f i e d  m o d e l  in  w h ic h  we a re  go ing  to  a p p ly  the p r e d ic t io n  o f  c h e m ic a l ly  
r e a c t in g  a i r b o r n e  p o l lu ta n ts  is  c a l le d  the L a g ra n g ia n  s i m i l a r i t y  m o d e l .  In  th is  
m o d e l ,  the L a g ra n g ia n  s i m i l a r i t y  h y p o th e s is  p ro p o s e d  by B a tc h e lo r  (1964) f o r  the 
n o n - c h e m ic a l l y  r e a c t in g  tu rb u le n t  d i f fu s io n  is  ex tended to  the  r e a c t in g  case 
(F R IE D L A N D E R  and S E lN F E L D ,  1969). The s o - c a l le d  L a g ra n g ia n  s i m i l a r i t y  
h y p o th e s is  is  th a t  the tu rb u le n t  m o t io n  o f p a r t i c le s  in  a s teady , s e l f - p r e s e r v in g ,
7f r e e  shea r f lo w  po s s e s s e s  s i m i l a r i t y  in  the L a g ra n g ia n  sense. The h y p o th e s is  
was p ro p o s e d  fo r  the n o n - r e a c t in g  tu rb u le n t  d i f fu s io n ,  bu t in  the p re s e n t  
s tudy , the  L a g ra n g ia n  s i m i l a r i t y  h y p o th e s is  w i l l  be ex tended to  c h e m ic a l ly  
r e a c t in g  a i r b o r n e  p o l lu ta n ts  fo l lo w in g  F R IE D L A N D E R  and S E IN F E L D  (1969 ).
A n  i n i t i a l  s tudy  fo r  a b in a r y  c h e m ic a l ly  r e a c t in g  p u f f  has been g iv e n  by 
F r ie d la n d e r  and S e in fe ld  (1969). The f o r m  o f the c o n c e n t ra t io n  d is t r ib u t io n  
in  the p u f f  e i th e r  can be found  f r o m  e m p i r i c a l l y  d e te rm in e d  p r o b a b i l i t y  
fu n c t io n  o r  d i r e c t  d e r iv a t io n  o f the p ro c e s s .  In  the c h a p te r  V ,  the c o n c e n ­
t r a t i o n  d i s t r ib u t io n  fu n c t io n  is  d e r iv e d  fo r  the n o n - r e a c t in g  case.
In  the f o r m u la t io n  o f  the p ro b le m ,  we c o n s id e r  a p u f f  r e le a s e d  f r o m  
a s o u rc e  n e a r  the g ro u n d .  A  p u f f  o f c o n ta m in a n t  i s  an e n s e m b le  o f  m a rk e d  
f lu id  p a r t i c le s  th a t  w e re  a l l  a t  a d e f in i te  p o s i t io n  a t the t im e  o f  re le a s e .  I f  
the  s pac ing  be tw een  p a r t i c le s  is  s u f f i c ie n t ly  la rg e ,  then  the sepa ra te  f lu id  
p a r t i c le s  m o v e  in d e p e n d e n t ly  and the s ta t i s t i c a l  p r o p e r t ie s  o f the m o t io n  o f 
a s in g le  f lu id  p a r t i c le  m a y  be o b ta ined  by o b s e rv in g  the c lo u d .  A s  the c lo u d  
expands in  the d i r e c t io n  dow nw ind  and v e r t i c a l  d i r e c t io n ,  i t  is  c o n v e n ie n t  
f o r  o u r  o b s e rv a t io n  to  f o l lo w  the c lo ud  (F ig .  1). F o r  th is  re a s o n  the
L a g ra n g ia n  d e s c r ip t io n  o f f lo w  f ie ld  is  adop ted . T h is  a p p ro a c h  p e r m i t s  a
p r e d ic t i o n  o f  the  a v e ra g e  f o r m  o f  v a r ia t io n  o f  the d i s t r ib u t io n  o f the c o n c e n ­
t r a t i o n  a t a g iv e n  t im e ,  but
F ig .  1. E x p a n s io n  o f  a C o n ta m in a n t  P u f f
8i t  is  h in d e re d  by the d i f f i c u l t y  o f  m a k in g  any d i r e c t  m e a s u re m e n ts  o f  
L a g ra n g ia n  s ta t i s t i c s  and absence  of any s im p le  r e la t io n s  co n n e c t in g  th e m  
w i th  the m o re  a c c e s s ib le  s tud ie s  E u le r ia n  s ta t i s t i c s  of the v e lo c i t y  a t 
f ix e d  p o in t  in  the f lo w .  We w i l l  show la te r  in  th is  r e p o r t  th a t  the 
L a g ra n g ia n  s i m i l a r i t y  h y p o th e s is  (B a tc h e lo r ,  1964) can r e s o lv e  the above 
d i f f i c u l t y  f o r  p r a c t i c a l  p u rp o s e s .  The s im i l a r i t y  h y p o th e s is  does no t 
r e la te  fu n d a m e n ta l ly  the tw o  s y s te m s ,  h o w e v e r .
9I I .  C H E M IC A L  K IN E T IC  M O D E L
C h e m ic a l  k in e t i c  m o d e l in g  depends on the u n d e rs ta n d in g  o f  
c h e m ic a l  r e a c t io n  m e c h a n is m s  f o r  sm og fo r m a t io n .  The k in e t ic  m o d e l in g  
o f  p h o to c h e m ic a l  sm og in c lu d e s  the fo l lo w in g  s teps:
1. The c o m p i la t io n  o f  p u b l is h e d  m e c h a n is m s  fo r  the p h o to c h e m ic a l  
sm og re a c t io n s  and in te g ra t io n  o f  the ra te  equa tions  fo r  a 
c o n s ta n t  v o lu m e  b a tch  r e a c to r  to  f in d  the  c o n c e n t ra t io n  as a 
fu n c t io n  o f t im e  fo r  the  k e y  c o n s t i tu e n ts .
2. The c o m p i la t io n  o f  p u b l is h e d  e x p e r im e n ta l  da ta  on the 
i r r a d i a t i o n  o f m ix t u r e s  t y p ic a l  o f a u to m o b i le  exha us ts  and 
c o m p a r is o n  o f the r e s u l t s  f r o m  the f i r s t  s tep w i th  the 
e x p e r im e n ta l  o b s e rv a t io n .
3. The d e r iv a t io n  o f  new  k in e t ic  m o d e ls  to  in c o r p o r a te  e f fe c t  o r  
in fo r m a t io n  w h ic h  m ig h t  be la c k in g  in  c u r r e n t l y  p ro p o s e d  
m e c h a n is m s .
B a se d  on th is  a p p ro a c h ,  F r ie d la n d e r  and S e in fe ld  (1969) w e re  ab le  to 
f o r m u la te  a k in e t i c  m o d e l  d e s c r ib in g  the p h o to c h e m ic a l  sm og . The  m o d e l  w i l l  
be d e s c r ib e d  b r i e f l y .  I t  w i l l  be r e f e r r e d  to  as u l t r a  s im p l i f i e d  m o d e l .
A .  U l t r a s im p l i f i e d  M o d e l  o f  F r ie d la n d e r  and S e in fe ld
The  a b s o rp t io n  by  N O 2 of the u l t r a v io le t  p o r t io n  of s u n l ig h t
(3100 -4000  Å ) r e s u l t s  in  the  fo l lo w in g  re a c t io n s :
(6)
(7)
(8)
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W hen r e a c t iv e  h y d ro c a rb o n s  a re  added to  the s y s te m  (a tm o s p h e re ) ,  m a n y  
a d d i t io n a l  re a c t io n s  take  p la c e  p ro d u c in g  such c h a r a c t e r i s t i c  p ro d u c ts  as 
fo rm a ld e h y d e ,  a c e ta ld e h y d e ,  a e ro le in ,  p e r o x y a c y l  n i t r a te s  (P A N ),  and a l k y l  
n i t r i t e s .  I t  is  a s s u m e d  th a t  the  re a c t io n  in v o lv in g  h y d ro c a rb o n  is  c h a in ­
l i k e  re a c t io n s :
I n i t i a t i o n  step:
(9)
(10)
p ro p a g a t io n  and b ra n c h in g  step:
( 11)
t e r m in a t in g  step
(12)
w h e re  R H  r e p re s e n ts  r e a c t iv e  h y d ro c a rb o n ,  R· f r e e  r a d ic a ls .
The p r in c i p a l  a s s u m p t io n s  o f  the above m o d e l  a re  s u m m a r iz e d  as fo l lo w s :
1. The  m a jo r  spec ies  o b s e rv e d  in c lu d e  r e a c t iv e  h y d ro c a rb o n ,  
n i t r i c  ox ide , ozone, n i t r o g e n  d io x id e ,  oxygen  a to m ,  and R·.
2. O and O 3 and f r e e  r a d ic a ls  R · a re  in  p s e u d o -s te a d y  s ta te .
3. The p r in c i p a l  in i t i a t i o n  step is  r e a c t io n  (9).
4 . R e a c t io n  (11) e m b ra c e s  a l l  the p ro p a g a t io n  s teps .
5. The  p r in c i p a l  t e r m in a t io n  step is  r e a c t io n  (12).
6. k'4, is  a s s u m e d  c o n s ta n t  (see be lo w ).
B a se d  on the above a s s u m p t io n ,  we re a c h  the fo l lo w in g  c h e m ic a l  
r e a c t io n  r a te  equ a tions :
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(13)
(14)
(15)
w h e re (16
(17)
(18)
(19)
(20)
n u m b e r  o f  f re e  r a d ic a ls  R · g e n e ra te d  
as a r e s u l t  o f  p ro p a t io n  and b ra n c h in g  
in  r e a c t io n  (11).
= k1/k2
= k1 /k3
(21)
(22)
W ith  s p e c i f ic  i n i t i a l  c o n c e n t ra t io n s  o f  v a r io u s  c o n s t i tu e n ts  Eqns. 
(16) -  (18) can be in te g ra te d  n u m e r ic a l l y .  The  R u n g e -K u t ta  m e th o d  has 
been used  in  s o lv in g  these  equa tions  by  u s in g  IB M  3 6 0 /7 5  c o m p u te r  a t  the 
C a l i f o r n ia  In s t i t u te  o f  T e c h n o lo g y .  The  r e s u l t s  a re  a ls o  p lo t te d  by  a 
C a lc o m p  p lo t t e r .  E v e n  though  th e re  a re  o n ly  th re e  d i f f e r e n t ia l  equa tions  
in  th is  p a r t i c u l a r  m o d e l ,  the c o m p u te r  p r o g r a m  can hand le  a m u c h  m o re  
g e n e ra l  and c o m p l ic a te d  m e c h a n is m .
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T he  p a r a m e te r  v a lu e s  α =  0 .1  p p m -2 m in -1
σ = 1 .8 3  x  10- 3  p p m -1 m in -1
μ
= 2 .4 5  x  10- 4 m in -1
λ = 0 .0 2  ppm-2 min-1
w e re  used . These  w e re  based on ra te  c o e f f ic ie n ts  g ive n  by L e ig h to n  (1961) 
bu t w e re  a d ju s te d  to  s im u la te  the e x p e r im e n ta l  o b s e rv a t io n s .  F ig .  2 
r e p re s e n ts  the d y n a m ic s  fo r (N O 2 )0 = 0. 2 p p m
(N O )0 = 1 .0  p p m
(R H )0 = 2. 0 p p m
F ig .  3 shows the case of
(N O 2)0 = 0. 2 p p m
(N O )0 = 0 .6 8  p p m
(R H )0 = 1 .1 5  p p m
The  shapes o f  the c u rv e s  a re  in  g e n e ra l  g re e m e n t  w i th  those  found in  
i r r a d i a t i o n  c h a m b e r  e x p e r im e n ts  (see F ig .  4 ) .  A s  F ig .  4 shows (T uesda y ,  
1961) n i t r o g e n  d io x id e  f o r m s  and n i t r i c  ox ide  d is a p p e a rs  as soon as i r r a d i a t i o n
b e g in s .  A c e ta ld e h y d e ,  m e th y l  n i t r a t e  and c a rb o n  d io x id e  a ls o  f o r m  im m e d ia te ly .
C om pound  X * is  n o t  fo r m e d  u n t i l  a l l  o f the n i t r i c  ox ide  p re s e n t  has been 
o x id iz e d  to  n i t r o g e n  d io x id e  o r  m e th y l  n i t r a te .  In  co n t in u o u s  r a d ia t io n  
e x p e r im e n ts  ozone is  o n ly  d e te c ta b le  a f te r  n i t r i c  ox ide  has d is a p p e a re d .
S m o g -c h a m b e r  e x p e r im e n ts  have been p e r f o r m e d  a t  the  B a t te l le  
M e m o r ia l  I n s t i tu te ,  G e n e ra l  M o to r s  C o rp . , L o s  A n g e le s  A i r  P o l lu t io n  C o n t r o l  
D i s t r i c t  ( L A A P C D ) ,  N a t io n a l  A i r  P o l lu t io n  C o n t r o l  A d m in is t r a t i o n ,  S ta n fo rd  
R e s e a rc h  In s t i tu te  and the U. S. D e p a r tm e n t  o f I n t e r i o r ' s  B a r t l e s v i l l e  
P e t r o le u m  R e s e a rc h  C e n te r .  Some o f the c o n c lu s io n s  based  on th is  r e s e a r c h  
a re  the fo l lo w in g :
(1) C o n t r o l  o f r e a c t iv e  h y d ro c a rb o n s  (such  as o le f in s  and
a lk y lb e n z e n e s )  r e s lu t s  in  a re d u c t io n  o f a l l  s m o g -c a u s in g
* P r o d u c t  o f  the  p h o to c h e m ic a l  r e a c t io n  o f  n i t r o g e n  d io x id e  and v a r io u s  
o rg a n ic  co m pou nds .
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r e a c t io n  p ro d u c ts  o v e r  a c o n s id e ra b le  range  o f h y d ro c a rb o n  
to  n i t r o g e n  ox ide  le v e l .
(2) A n  a p p re c ia b le  a m o u n t  o f o x id a n ts  a re  fo rm e d  even in  a v e r y  
lo w  r a t io  o f  n i t r o g e n  ox ide  to  p a r a f f i n i c  h y d ro c a rb o n s  o r  
a c e ty le n e .
(3) C o n t r o l  of n i t r o g e n  ox ide  does n o t  app ea r to  be n e a r ly  as 
e f fe c t iv e  as h y d ro c a rb o n  c o n t r o l  in  re d u c in g  o x id a n t  le v e l .
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B . R e la t io n  o f E s c h e n ro e d e r  M o d e l  to  the U l t r a s im p l i f i e d  M o d e l .  
The u l t r a s im p l i f i e d  m o d e l  p ro p o s e d  by F r ie d la n d e r  and S e in fe ld  
(1 969) is  v e ry  s im i l a r  to  one p ropo sed  la te r  by E s c h e n ro e de r  (196 9). 
E s c h e n r o e d e r ' s m o d e l a ls o  e m p lo y s  s im p l i f ie d  k in e t ic s  fo r  the p h o to c h e m ic a l  
sm og , and a t  the sam e t im e  is  in  c o n fo r m i ty  w i th  the p h y s ic a l  r e a l i t i e s  
o f  bo th  c h a m b e r  e x p e r im e n ts  and a tm o s p h e r ic  o b s e rv a t io n s .
In  c o m p a r in g  the u l t r a - s im p l i f i e d  m o d e l  and the "c o m p a c t  c h e m ic a l  
r e a c t io n  s c h e m e "  o f E s c h e n ro e d e r  (1969), we f in d  th a t  the on ly  d i f fe re n c e s  
a re  (see F ig .  5):
1. The re a c t io n
is  abse n t in  the u l t r a s im p l i f i e d  m o d e l .
2. No s te a d y -s ta te  a s s u m p t io n  fo r  ozone in  E s c h e n ro e d e r 's  m o d e l .
The r e a c t io n  ra te  co n s ta n t  o f the above r e a c t io n  is  e s t im a te d  about 
2 .3  x  10-5 p p m -1 m in - 1 , t h e r e fo re  th is  r e a c t io n  w i l l  e x p la in  the d i f fe re n c e  
be tw een  these  tw o  m o d e ls .  The ra te  c ons tan ts  in  the "c o m p a c t  c h e m ic a l  
r e a c t io n  s c h e m e "  (see T a b le  I I )  a re  e s t im a te d  f r o m  l i t e r a t u r e  o th e r  than 
those  o f u l t r a s im p l i f i e d  m o d e l .  I t  does, th e r e fo r e ,  v a l id a te  the u l t r a -  
s im p l i f i e d  m e c h a n is m .
3. The ra te  c o n s ta n t  k '4 is  assu m e d  co n s ta n t  in  the u l t r a s im p l i f i e d  
m o d e l ,  w h i le  in  E s c h e n r o e d e r 's m o d e l  i t  is  a fu n c t io n  of the r e a c t io n  ra te  
o f R H , c o n c e n t ra t io n s  of n i t r o g e n  d io x id e  and n i t r i c  ox ide .
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In  the fo l lo w in g ,  a c o m p a r is o n  is  m ade  o f the u l t r a s im p l i f i e d  
m o d e l  A  ( F r ie d la n d e r  and S e in fe ld )  and "c o m p a c t  c h e m ic a l  r e a c t io n s  m o d e l  
B (of E s c h e n ro e d e r ) .
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*  R · in  u l t r a s im p l i f i e d  m o d e l  is  e q u iv a le n t  to  R C O x  in  c o m p a c t  c h e m ic a l  
r e a c t io n  m o d e l .
* *  W h e re  (b) and (c) r e p re s e n ts  e f fe c t iv e  s to ic h io m e t r y  o f  the  p ro d u c t .
≠ W h e re  (a) r e p re s e n ts  the  f r a c t io n  o f the p ro d u c ts  in  the c la s s  o f  P A N 's
In  s u m m a ry ,  these  tw o  m o d e ls  a re  e s s e n t ia l ly  the sam e in  m a in  
fe a tu re s .  T h e r e fo r e ,  in  th is  r e p o r t  the u l t r a s im p l i f i e d  m o d e l  w i l l  be 
adop ted  in  the in v e s t ig a t io n  o f  p h o to c h e m ic a l  sm og .
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I I I .  L A G R A N G IA N  S IM IL A R IT Y  H Y P O T H E S IS  F O R  N O N - C H E M IC A L L Y  
R E A C T IN G  D IF F U S IO N
A .  T h e o ry
The b a s ic  th e o ry  o f the L a g ra n g ia n  s im i l a r i t y  h y p o th e s is  f o r  
d i f fu s io n  in  tu rb u le n t  b o u n d a ry  la y e rs  was f i r s t  p ro p o s e d  by  B a tc h e lo r  
(1959). S ince then , the  id ea  has been used  by a n u m b e r  o f  r e s e a r c h e r s  
in  v a r io u s  a p p l ic a t io n s  (E L L IS O N ,  1959; G IF F O R D ,  1962; C E R M A K ,  1963).
A  b r i e f  r e v ie w  o f  the id ea  was g iv e n  by B a tc h e lo r  h im s e l f  in  1964.
We s h a l l  c o n s id e r  a n o n - c h e m ic a l l y  r e a c t in g  p o l lu ta n t  and one w h ic h  
does n o t  in f lu e n c e  the m o t io n  of the  f lu id ,  i . e . ,  is  p a s s iv e .  I t  w i l l  be 
f u r t h e r  a s s u m e d  th a t  the p o l lu ta n t  (o r  m a rk e d  f lu id  p a r t i c le )  fo l lo w s  the m o t io n  
o f  the f lu id  wi th o u t  d is p la y in g  any m o le c u la r  d i f fu s io n .  A l th o u g h  som e c o n ­
t r o v e r s y  s t i l l  p e r s is t s  c o n c e rn in g  the im p o r ta n c e  o f  m o le c u la r  d i f fu s io n ,  i t  
seem s u n l ik e ly  th a t  i t  is  s ig n i f ic a n t  in  r e a l  g e o p h y s ic a l  s i tu a t io n s .
Suppose the s t re n g th  and g e o m e try  o f  the s o u rc e  is  g iv e n ,  so th a t  
p o l lu ta n t  is  be ing  added to  the f lu id  a t  a know n r a te ,  Q ( x , y ,  x,  t ) 
w i th  d im e n s io n  o f m a s s  p e r  u n i t  t im e  p e r  u n i t  v o lu m e .  C on tinuous  o r  in s ta n ta n e o u s  
p o in t  o r  l in e  s o u rc e s  m a y  be re p re s e n te d  by ta k in g  l i m i t i n g  f o r m s  fo r  Q  in  
the obv ious  w a y  ( in  the in s ta n ta n e o u s  p o in t  s o u rc e
c on t in uous  p o in t  so u rce
c on t in uous  l in e  sou rce
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is
T h e  p r o b le m  is  to  f in d  the s t a t i s t i c a l  p r o p e r t ie s  d e s c r ib in g  the r e s u l t ­
in g  d i s t r ib u t i o n  o f c o n c e n t ra t io n .  The  s ta t i s t i c a l  p r o p e r t ie s  m eans  the 
a v e ra g e  o f  the e x p e r im e n ts  re p e a te d  m a n y  t im e s  ( v iz .  e n s e m b le  m ean ) .
F o r  e x a m p le ,  in  the  case  o f in s tan tan eous  p o in t  s o u rc e s ,  i f  the e x p e r im e n t  
is  re p e a te d  m a n y  t im e s ,  the m ean  p o s i t io n  o f the p a r t i c le  a t any t im e  t
w h e re  x  a x is  is  the d i r e c t io n  dow nw ind  and z a x is  
is  v e r t i c a l  to  the g roun d .
The  conce p t o f  s i m i l a r i t y  m a y  be a p p l ie d  to  e i th e r  E u le r ia n  o r  
L a g ra n g ia n  s y s te m s .  In  the  f o r m e r  case, i t  is  a p p l ie d  to  s t a t i s t i c a l  
fu n c t io n s  r e la t in g  to  the v e lo c i t y  of the f lu id  a t  a " g iv e n "  p o in t  in  space.
In  the la t t e r  case, i t  i s  a p p l ie d  to  s t a t i s t i c a l  fu n c t io n s  r e la t in g  to  the 
v e lo c i t y  o f  a m a t e r i a l  e le m e n t  of f lu id  o r  m a rk e d  f lu id  p a r t i c le .  I t  a ls o  
p e r m i t s  a p r e d ic t i o n  o f the f o r m  o f  the v a r ia t io n  o f the d is p e r s io n  o f the 
c o n c e n t ra t io n  a t  any t im e ;  bu t i t  i s  h in d e re d  by the  d i f f i c u l t y  o f m e a s u r in g  
the s ta t i s t i c a l  p r o p e r t ie s  o f  the  v e lo c i t y  o f a m a rk e d  f lu id  p a r t i c le ,  and 
i t s  r e la t io n  to  the e x te n s iv e  s tu d ie d  E u le r ia n  s ta t i s t i c s .  T h e re fo r e ,  the 
L a g ra n g ia n  s i m i l a r i t y  m u s t  be in t ro d u c e d  as a h y p o th e s is .
L e t  us c o n s id e r  the re g io n  o f  the f l u i d  n e a r  the  b o u n d a ry  in  w h ic h  
the  R e y n o ld s  s t re s s  ( ta n g e n t ia l  to  a f l a t  s u r fa c e )  is  c o n s ta n t .  A s s u m e  the 
g ro u n d  is  an in f i n i t e  p la n e .  In  the c o n s ta n t  s t re s s  re g io n ,  the  E u le r ia n  
p r o p e r t ie s  depend on z and the shea r s t re s s ,  τ o , a c t in g  on the g roun d  
o n ly .  We w i l l  see la te r  th is  c o r re s p o n d s  to  the  fa c t  th a t  the s t r u c tu r e  of 
the tu rb u le n c e  in  the  c o n s ta n t  s t re s s  r e g io n  is  w h o l ly  d e te r m in e d  by the 
f r i c t i o n  v e lo c i t y , The m e a n  E u le r ia n  p r o p e r t ie s  o f  the 
t u r b u le n t  m o t io n  a re  in depe nden t of p o s i t io n  in  the x y  p la n e .  H ence , 
these  E u le r ia n  p r o p e r t ie s  in  the co n s ta n t  s t re s s  re g io n  a re  d e te rm in e d  by 
μ *  and z. I f  the m e a n  w in d  is , i t  f o l lo w s  tha t
(23)
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w h e re  k  is  v o n  K a r m a n 's  c o n s ta n t ,  equ a l 0 .4
B y  u s in g  the  P r a n d t l ' s  h y p o th e s is  f o r  the  t u rb u le n t  s h e a r in g  s t re s s  
( B i r d ,  e t  a l . , 1960),
(24)
w h e re  ℓ  i s  P r a n d t l ' s  m ix in g  le n g th ,  ρ  the d e n s i ty  o f  the f lu id ,  one 
can  a ls o  d e r iv e  e q u a t io n  (23) u s in g  the  a s s u m p t io n  th a t  t u r b u le n t  s h e a r in g  
s t re s s  in  the  r e g io n  n e a r  the w a l l  is  c o n s ta n t .  In  the  n e ig h b o rh o o d  o f  
the  w a l l ,  the m ix in g  le n g th  m a y  be a s s u m e d  p r o p o r t io n a l  to  d is ta n c e  f r o m  
the w a l l .  The a s s u m p t io n  is  ju s t i f i e d  by  the  fa c t  th a t  the t u r b u le n t  
s h e a r in g  s t re s s  a t  the  w a l l  is  z e ro  due to  the d is a p p e a ra n c e  o f  the  f lu c t u a ­
t io n s .  T h e re fo r e
(25)
and (26)
P r a n d t l  f u r t h e r  a s s u m e d  th a t  the t u rb u le n t  s h e a r in g  s t r e s s  τ  is  c o n s ta n t  
in  the b o u n d a ry  la y e r ,  and is  e q u a l to  the s h e a r in g  s t re s s  a t  w a l l ,  τo. 
D e f in in g  the  f r i c t i o n  v e lo c i t y , E qn . (26) becom es
(23)
On in te g r a t io n  o f  Eqn . (23) we have
(27)
w h e re  z o is  the le n g th  c h a r a c te r iz in g  the ro u g h n e ss  o f  the b o u n d a ry .
The w h o le  s t r u c t u r e  o f  tu rb u le n c e  w i l l  be a f fe c te d  o n ly  w hen  z is  o f
the  o r d e r  o f  zo .
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In  the  t u r b u le n t  f lo w  f ie ld ,  a m a rk e d  f lu id  p a r t i c le  m ig r a te s  th ro u g h  
a r e g io n  in  w h ic h  the  v e lo c i t y  f lu c tu a t io n  a t  a g iv e n  p o in t  is  s t a t i s t i c a l l y  
s teady  and depends o n ly  on μ * and h e ig h t  z above the g ro u n d .  I f  m a rk e d  f lu id  
p a r t i c le s  a re  re le a s e d  c o n t in u o u s ly  f r o m  a f ix e d  s o u rc e  a t  t im e  t a f te r  
r e le a s e ,  the v e lo c i t y  w i l l  v a r y  f r o m  one p a r t i c le  to  a n o th e r .  The a ve ra g e  
o f  som e fu n c t io n  o f  v e lo c i t y  o v e r  a l l  these  p a r t i c le s  w i l l  depend on t  and 
μ *  o n ly .  T h e re fo r e ,  B a tc h e lo r  (1964) p ro p o s e d  the fo l lo w in g  h y p o th e s is  f o r  
the  g ro u n d  le v e l  s o u rc e s .  "T h e  s ta t i s t i c a l  p r o p e r t ie s  o f the v e lo c i t y  o f  a 
m a rk e d  f lu id  p a r t i c le  a t  t im e  t  a f te r  re le a s e  a t  the g ro u n d  le v e l  depend 
o n ly  on  μ* and t " .
In  the case o f e le v a te d  s o u rc e s ,  the h e ig h t  o f  the s o u rc e ,  h, above the 
g ro u n d  w i l l  e f fe c t  the s t a t i s t i c a l  p r o p e r t ie s  o f  the v e lo c i t y  o f  a m a rk e d  f lu id  
p a r t i c le  a t the in s ta n t  w hen  the p a r t i c le  was re le a s e d .  H o w ­
e v e r ,  a f te r  a c e r ta in  p e r io d  o f t im e ,  the s t a t i s t i c a l  p r o p e r t ie s  o f the 
v e lo c i t y  o f  a m a rk e d  f lu id  p a r t i c le  w i l l  lo s e  i t s  dependence on h. The 
above h y p o th e s is  m a y ,  t h e r e fo r e ,  be ex tended in  the fo l lo w in g  f o r m  (B a tc h e lo r ,  
1964):
"T h e  s t a t i s t i c a l  p r o p e r t ie s  o f the v e lo c i t y  o f  a m a rk e d  f lu id  p a r t i c le  
a t t im e  t  a f te r  re le a s e  a t  h e ig h t  h  above the g roun d  a re  the sam e as 
those  o f  a p a r t i c le  r e le a s e  a t  the g round  a t  the in s ta n t  - t1 , p ro v id e d  th a t  
t  >t1 w h e re  t1 is  expec ted  to  be the  o r d e r  of m a g n itu d e  of the t im e  sca le
of the tu rb u le n c e  a t h e ig h t  h, i .  e. , o f  o rd e r  h / μ * . "
The L a g ra n g ia n  s i m i l a r i t y  h y p o th e s is  is  l im i t e d  to  s teady , s e l f - p r e s e r v i ng, 
f r e e  shea r f lo w  w h ic h  posse ss  s i m i l a r i t y  in  the L a g ra n g ia n  sense. The 
th e o r y  p ro p o s e d  by B a tc h e lo r  (1957) is  a p p l ic a b le  on ly  to  a t u rb u le n t
s h e a r  f lo w  p ro d u c e d  by f lo w  a long  a s o l id  b o u n d a ry  in  the re g io n  w h e re  the
s h e a r in g  s t re s s  m a y  be a s s u m e d  c o n s ta n t  and equ a l to  the s h e a r in g  s t re s s  
a t  the w a l l .  In  th is  r e g io n  (c a l le d  the c o n s ta n t  s t re s s  re g io n )  the E u le r ia n
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p r o p e r t ie s  a re  d e te rm in e d  by f r i c t i o n  v e lo c i t y  and d is ta n c e  f r o m  the 
b o u n d a ry .  I n  the a tm o s p h e re ,  the th ic k n e s s  o f  th is  r e g io n  is  t y p ic a l ly  
be tw een  30 ~  300 fe e t  above the  g ro u n d  le v e l .
T he  s im i l a r i t y  h y p o th e s is  s ta te d  above is  v a l id  o n ly  in  a d ia b a t ic  
c o n d it io n s  ( i .  e „  n e u t r a l  s t a b i l i t y ) .  In  the case  o f  s tab le  o r  un s ta b le  
s t r a t i f i c a t i o n s  ( i . e . ,  u p w a rd  tu rb u le n t  f lu x  o f  hea t e x is ts ) ,  the  L a g ra n g ia n  
s i m i l a r i t y  is  ex tended  by  in c lu d in g  the  M o n in -O b u k h o v  le n g th ,  L .
T h is  le n g th  sca le  is  d e f in e d  by
(28)
w h e re  k  is  von  K a r m a n 's  co n s ta n t ,  q  the  a c c e le r a t io n  o f  g r a v i t y ,  T 
the a v e ra g e  a b s o lu te  te m p e r a tu r e ,  q  the h e a t  f l u x  i n  the v e r t i c a l  d i r e c t io n ,
p  the  a i r  d e n s i ty ,  and Cp the  s p e c i f ic  h e a t  a t  c o n s ta n t  p r e s s u r e .  F o r  
a s ta b le  c o n d it io n ,  t h e r e  is  a n e g a t iv e  h ea t f l u x  q  <  0 , so L >  0 and v ic e
v e r s a .  F o r  the  n e u t r a l  c o n d i t io n  (a d ia b a t ic )  q  =  0 ,  and hence  L  = ∞ .
The  c o n s ta n t  v a lu e  of in  the n e u t r a l  c o n d it io n s  (Eqn. (23) ) is  now  
re p la c e d  by  an  u n d e te rm in e d  fu n c t io n  ϕ ( 3 )  o f  the n o n -d im e n s io n a l  v a r ia b le  ζ ,
( 2 8 a )
w h e re
S ince fo r  a d ia b a t ic  c o n d it io n s  ϶  = 0, i t  fo l lo w s  ϕ ( 0 ) = 1. T hu s  f o r  the 
case L  ≠ ∞ , the  L a g ra n g ia n  s i m i l a r i t y  h y p o th e s is  shou ld  be in t ro d u c e d  
as fo l lo w s :
"T h e  s t a t i s t i c a l  p r o p e r t ie s  o f  the v e lo c i t y  o f a m a rk e d  f l u i d  p a r t i c le  
a t  t im e  t  a f te r  r e le a s e  a t  h e ig h t  h  above the  g ro u n d  depend o n ly  on μ * ,
L  and t  , p r o v id e d  th a t  t  > >  t1, w h e re  t1 is  expec ted  to  be the  o r d e r
h / μ * . "
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B . A p p l ic a t io n s
1. C onsequences  o f  the L a g ra n g ia n  s i m i l a r i t y  h y p o th e s is .
F o r  a m a rk e d  f l u i d  p a r t i c le  is  re le a s e d  a t  t  = o f r o m  z = h,
in  n e u t r a l l y  s tab le  c o n d it io n s ,  a f te r  t  > >  h/μ*, as a consequence  o f L a g ra n g ia n  
s i m i l a r i t y  h y p o th e s is ,  we have the fo l lo w in g  e qu a t ions  based on d im e n ­
s io n a l  g ro u n d s : (29) -  (31)
E qn . (29) in  e q u a l i ty  f o r m
(32)
w h e re  a is  a d im e n s io n le s s  co n s ta n t ,  and t 1 =
In te g r a t io n  o f  (32) g ives
(33)
w h e re  t o is  the in s ta n t  a t  w h ic h  the p a r t i c le  has z e ro  m e a n  h o r iz o n ta l  
v e lo c i t y .
A s s u m e  the  m e a n  f lo w  does n o t  v a r y  in  the  y  d i r e c t io n ,  then 
because  o f s y m m e t r y
(34)
B y  p r o p e r  cho ice  of the o r ig i n  o f  the c o o rd in a te s ,  then y-=0
The  v e r t i c a l  d is p la c e m e n t  o f  the m a rk e d  f lu id  p a r t i c le  canno t have 
an  in f i n i t e  r a te  o f  change a t  any t im e ,  so th a t  the p r o p o r t i o n a l i t y  co n s ta n t  
in  E qn . (31) m u s t  be z e ro .
(35)
o r (36)
w h e re  b is  a n o th e r  d im e n s io n le s s  c o n s ta n t .  B a tc h e lo r  e s t im a te d  the  
v a lu e  b to  be abou t 0 . 1 ~  0 .2 ,  and C e rm a k  (1963) found  th a t  f o r  b =
0 .1  the  th e o r y  was in  f a i r l y  good a g re e m e n t  w i th  the  l im i t e d  e x p e r im e n ta l  
da ta .  E q n . (27), the  m e a n
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v e lo c i t y  a t  a p o in t ,  and E qn. (33), v e lo c i t y  o f  a p a r t i c le  a re  bo th  lo g a r i t h m ic  
fu n c t io n s  o f  h e ig h t  and t im e  o f  f l i g h t ,  r e s p e c t iv e ly .  T h is  p o in ts  to  a c o n n e c t io n  
be tw een  the  c ons tan ts  a, t 2 , Zo , e tc .  , in  E q ns .  (27) and (33). A s  m e n t io n e d  b e fo re ,  a 
r e la t io n  be tw een  the  L a g ra n g ia n  and E u le r ia n  f ie ld s  is  u s u a l ly  d i f f i c u l t  to  o b ta in ,  
b u t  the L a g ra n g ia n  s i m i l a r i t y  h y p o th e s is  m a k e s  i t  p o s s ib le  h e re .
The m e a n  s p re a d  of a p a r t i c le  a t  t im e  t  shou ld  be equa l to  the  m e a n  
speed o f the f lu id  a t som e c o n s ta n t  t im e s  the m e a n  h e ig h t  o f  the p a r t i c le ,  v iz .  ,
(38)
w h e re  c is  a d im e n s io n le s s  c o n s ta n t .  In  v ie w  o f the d e c re a s e  of 
w i th  h e ig h t ,  c shou ld  be le s s  than  u n i ty .  S u b s t i tu te  o f f r o m
E qn . (33), and z- f r o m  E qn. (36), we have
(39)
F o r  co n t in u o u s  t ,  E qn . (39) im p l ie s  th a t
(40)
T hese  r e la t io n s  m a y  be s u b s t i tu te d  in to  E q ns .  (36) and (38) to  g ive
(41)
(42)
The  r e la t io n  be tw een  x- and z- is  g iv e n  by
(43)
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I n te g r a t io n  o f  (43) g ives
(44)
w h e re  A  is  a n o th e r  c o n s ta n t .  The p h y s ic a l  m e a n in g  o f  E qn . (44) is  th a t  
the E qn . (44) is  an  eq u a t io n  o f  the p a th  o f a h y p o th e t ic a l  p a r t i c le  w h ic h  
m o v e s  w i th  v e lo c i t y  e q u a l to  the m e a n  v e lo c i t y  
o f  a m a rk e d  f lu id  p a r t i c le ,  o r  the equ a tion  to  the c e n t e r - l i n e  o f  the c lo u d  
o f  m a rk e d  f l u i d  p a r t i c le s  re le a s e d  by som e c o n t in u o u s  s o u rc e s .
In  o r d e r  to  d e te rm in e  the c o n s ta n t  A ,  c o n s id e r  the m e a n  v e lo c i t y  o f 
a p a r t i c le  re le a s e d  a t  the h e ig h t  h  a t t  = o has u -(h), o, and o in  the 
x , y ,  z d i r e c t io n  r e s p e c t iv e ly .  A f t e r  a p e r io d  o f  t im e ,  t  ~  h / μ *  f o r
the  p a r t i c le  to  f o r g e t  i t s  p o s i t io n  o f  re le a s e ,  
a t then
th e r e fo r e (45)
and f r o m  E qn . (27), we get
(46)
T o r , then  A  < O because b -1  < O.
C o n se q u e n t ly ,  in c re a s e  of h  leads  to  a la r g e r  va lu e  o f  z- a t  a g ive n  
v a lu e  o f  x - .  The  p h y s ic a l  m e a n in g  o f t h is  consequence is  th a t  a sm oke
c lo u d  f r o m  a c e r ta in  s o u rc e  has a h ig h e r  c e n t e r - l i n e  of the c lo u d  f o r  a h ig h e r  
s o u rc e ,  i .  e. , h .  T h is  is  show n in  F ig .  6 .
S u b s t i tu t in g  A  in to  E qn . (44) g ives
(47)
in  the case o f g roun d  le v e l  s o u rc e ,  h → o. A  = O 
and E qn . (44) b eco m e s
(48)
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2. The  m e a n  c o n c e n t ra t io n s  a t  g ro u n d  le v e l  f o r  d i f f e r e n t  s o u rc e s .
The L a g ra n g ia n  s i m i l a r i t y  h y p o th e s is  m a y  be a p p l ie d  to  p r e d ic t  the 
m e a n  c o n c e n t ra t io n  o f  d is p e r s in g  subs tance s .  We s h a l l  c o n s id e r  th re e  d i f f e r e n t  
k in d s  o f  s o u rc e s ,  n a m e ly ,  the in s ta n ta n e o u s  p o in t  s o u rc e ,  c on t in uous  p o in t  s o u r ce 
and  co n t in u o u s  l in e  s o u rc e .  W ith o u t  lo s s  o f  g e n e r a l i t y ,  a l l  the c o n s id e ra t io n s  
w i l l  be r e s t r i c t e d  to  s teady  s ta te , g ro u n d  le v e l  s o u rc e .
(i) In s ta n ta n e o u s  p o in t  so u rce
The  p r o b a b i l i t y  d e n s i ty  fu n c t io n  ψ  th a t  a p a r t i c le  d i f f u s io n  on the 
g ro u n d  l e v e l  w i l l  re a c h  a d is ta n c e f r o m  i t s  o r ig in .  The a v e ra g e  p o s i t io n
m u s t  be a u n iv e r s a l  fu n c t io n  o f . A c c o rd in g  to  the L a g ra n g ia n  
s i m i l a r i t y  h y p o th e s is ,  the a v e ra g e  c o n c e n t ra t io n  o f  the m a rk e d  f lu id  p a r t i c le  re le a s e  
in s ta n ta n e o u s  f r o m  the c o o rd in a te  o r ig in  m u s t  be, on the d im e n s io n a l  g round ,
(49)
w h e re  Qi  is  the s t re n g th  of the  in s ta n ta n e o u s  p o in t  s o u rc e ,  w i th  d im e n s io n  
o f  m a s s .  T he  g ro u n d  le v e l  c o n c e n t ra t io n  is  a t  y  =  z  = 0 ,
(50)
( i i )  C on tinuous  p o in t  so u rce
F o r  a co n t in u o u s  p o in t  s o u rc e ,  the m a rk e d  f lu id  p a r t i c le  is  
e m i t te d  s teady  f r o m  the  s o u rc e ,  the p r o b a b i l i t y  o f f in d in g  a m a rk e d  f lu id  
p a r t i c le  a t  x , y ,  z a t any t im e  is  found  by a t im e  in te g ra t io n  f r o m  0 to  ∞ ,
(51)
w h e re  W i  is  the  s t re n g th  o f  the  con t in uous  p o in t  s o u rc e  w i th  d im e n s io n  o f
m a s s  p e r  u n i t  t im e .
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The  m e a n  h e ig h t  o f  the p a r t i c le is  r e la te d  to  t  by Eqn. (41) .
By the change o f  v a r ia b le we have,
(52)
f r o m  the Eqn. (43),
(53)
a t g roun d  le v e l
(54)
s in ce  the fu n c t io n  ψ  is  expe c ted  to  have a s h a rp  m a x im u m  a t  
the L a p la c e  m e th o d  o f  the a s y m p to t ic  in te g ra t io n  m a y  be a p p l ie d  ( C a r r i e r , e t .  a l .  , 1960) 
i n  th is  case . The  f o r m  o f  fu n c t io n  ψ  need n o t  be know n. A s  x  →  ∞ ,
we have
(55)
where
as
F r o m  Eqn. (48), we have
(56)
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( i i i )  C o n t inuo us  l in e  so u rc e
The  c o n c e n t ra t io n  d is t r ib u t io n  due to  a c on t in uous  l in e  so u rc e  
is  o b ta in e d  f r o m  E qn. (51) by in te g ra t in g  w i th  re s p e c t  to  y  o v e r  the range  
f r o m  -∞  to  ∞ .
(57)
w h e re  V i is  the ra te  o f  e m is s io n  p e r  u n i t  le n g th  o f the l in e  s o u rc e ,  w i th  
d im e n s io n  o f m a s s  p e r  u n i t  t im e ,  p e r  u n i t  le n g th .  B y  the t r a n s fo r m a t io n
we have ,
(58)
L e t
then
(59)
as x  →  ∞ , and a t  g roun d  le v e l .
(60)
A s , the  la s t  t e r m  in  E qn . (48) b eco m e s  n e g l ig ib le ,
So (61)
3. C o m p a r is o n  o f  T h e o r e t i c a l  P r e d ic t i o n  and E x p e r im e n ta l  
O b s e rv a t io n s .
S u tton  (1953), C e rm a k  (1963), G i f fo r d  (1962) quote  the r e s u l t s  
o f  som e m e a s u re m e n ts  w h ic h  m a y  be c o m p a re d  w i th  the th e o r y .  I t  was 
found  th a t  the c o n c e n t ra t io n  v a r ie d  as x - 1 . 7 6  f o r  a c o n t in u o u s  p o in t
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s o u rc e  and x-0.9 f o r  a c on t in uous  l in e  s o u rc e .  I t  a p p e a rs  then th a t  the 
L a g ra n g ia n  s i m i l a r i t y  h y p o th e s is  does m a k e  p o s s ib le  a s a t is fa c to r y  
a s s e s s m e n t  o f the e f fe c t  o f  the in h o m o g e n e ity  o f  the tu rb u le n c e  on the 
d i f f u s io n  f r o m  s o u rc e s  and th a t  the p r e d ic te d  g roun d  le v e l  m e a n  c o n ­
c e n t ra t io n s  f a r  dow n w in d  f r o m  the so u rc e  o f in s ta n ta n e o u s  p o in t  o r  
c o n t in u o u s  p o in t  o r  c on t in uous  l in e  s o u rc e  do in  fa c t  a g re e  ro u g h ly  w i th  
e x p e r im e n ta l  o b s e rv a t io n s  (see T a b le  I I I ) .
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I V .  L A G R A N G IA N  S IM IL A R IT Y  H Y P O T H E S IS  F O R  C H E M IC A L L Y
R E A C T IN G  D IF F U S IO N
A .  T h e o ry
T h e  L a g ra n g ia n  s i m i l a r i t y  h y p o th e s is  p ro p o s e d  by B a tc h e lo r  is  
l im i t e d  to  the n o n - r e a c t in g  case . In  the case o f  d i f f u s io n  w i th  c h e m ic a l  re a c t io n ,  
the  h y p o th e s is  is  g e n e r a l ly  no lo n g e r  a p p l ic a b le .  H o w e v e r ,  f o r  a s lo w  
c h e m ic a l  r e a c t io n ,  the h y p o th e s is  can be ex tended  to  the c h e m ic a l l y  r e a c t in g  
case . In  the  fo l lo w in g  d e r iv a t io n  the  id eas  a re  m a in l y  due to  F R IE D L A N D E R  and 
S E IN F E L D ,  and we s h a l l  f o l l o w  t h e i r  m e th o d  to f o r m u la te  the th e o ry .
L e t  us a ss u m e  th a t  the  E qn . (49) o f  the in s ta n ta n e o u s  p o in t  s o u rc e  can 
be u se d  in  the  case o f  a r e a c t in g  p o l lu ta n t  bu t w i th  Q i  a fu n c t io n  o f  t im e .
T h is  a s s u m p t io n  a p p e a rs  re a s o n a b le  i f  the c h e m ic a l  r e a c t io n  p ro c e s s e s  a re  
s lo w  c o m p a re d  w i th  the m ix in g  p ro c e s s ,  so th a t  Q i  is  s lo w ly  v a r y in g  fu n c t io n
o f  t im e .  A  m o r e  q u a n t i ta t iv e  c r i t e r i o n  can be o b ta in e d  by  an e x a m in a t io n  
o f  the eq u a t io n  o f  c o n s e rv a t io n  o f  sp e c ie s  (Eqn. (3)):
(62)
W h e re  the v e lo c i t y is  m e a s u re d  r e la t i v e  to  the  v e lo c i t y  o f  the 
a v e ra g e  c lo u d  p o s i t io n ,  and a l l  d is ta n c e s  a re  m e a s u re d  r e la t iv e  to  c lo u d  c e n te r .  
A c c o rd in g  to  the  L a g ra n g ia n  s i m i l a r i t y  h y p o th e s is  f o r  the n o n - r e a c t in g  case , 
the a v e ra g e  c o n c e n t ra t io n  a t any p o in t  in  the c lo u d  a t  t im e  t  a f te r  g ro un d  
le v e l  re le a s e  depends on d is ta n c e  f r o m  a v e ra g e  p o s i t io n  and on the  v e r t i c a l  
s p re a d .  T hu s  on d im e n s io n a l  g ro u n d s ,
(49)
f o r  in s ta n ta n e o u s  p o in t  s o u rc e .
F R IE D L A N D E R  and S E IN F E L D  (1969) a s s u m e d  th a t  the sam e f o r m  can 
be u se d  in  the  case  of r e a c t in g  p o l lu ta n t  bu t w i th  Q϶  a fu n c t io n  o f t im e .  The 
a s s u m p t io n  is  j u s t i f i e d  i f  the c h e m ic a l  r e a c t io n  p ro c e s s e s  a re  s lo w  c o m p a re d
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w i t h  the m ix in g  p r o c e s s ,  so th a t  Q i  is  a s lo w ly  v a r y in g  fu n c t io n  o f t im e .
I t  is  re a s o n a b le  thus  to  a ss u m e  the  s im i l a r i t y  f o r m  o f  the a v e ra g e  c h e m ic a l  
r e a c t io n  ra te as
(63)
w h e re  f i is  a p r o b a b i l i t y  d e n s i ty  fu n c t io n  depends n o t  o n ly  on 
b u t  a ls o  on t im e  t .
T h e re  seem s to  be no re a s o n  w hy  the v e lo c i t y  r e la t i v e  to  the c lo ud  
c e n te r , in  the  x , y ,  z d i r e c t io n  a t  t im e  t  shou ld  be equa l to  the
m e a n  speed o f  a p a r t i c le bu t i t  m u s t  be equ a l to  the m e a n  speed of
a p a r t i c le t im es som e p r o b a b i l i t y  fu n c t io n  Fx, F y , F z ,  w h e re
F x ,  F y ,  F z  is  a fu n c t io n  o f ηx , η y , and η z  o n ly ,
i .  e. , (64)
The t u r b u le n t  m a s s  f lu x a p p e a r in g  in  E qn . (62) m u s t  be
r e la te d  to o r  i t s  g ra d ie n t  (eddy d i f f u s iv i t y )  i f  E q n . (62) is  to  be so lv e d .  
A s s u m in g  on d im e n s io n a l  g ro u n d s  th a t  the t u r b u le n t  m a s s  f l u x  is  g ive n  by
(65)
w h e re is  a p r o b a b i l i t y  d e n s i ty  fu n c t io n  in  the  x , y ,  z d i r e c t io n s ,  
s u b s t i tu t io n  o f  E q ns .  (63) -  (65) in to  E qn . (62) g ives
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so
D iv id in g  by
(66)
S i m i l a r i t y  e x is ts  i f  a d i f f e r e n t ia l  equ a tion  (66) i s  a fu n c t io n  o f ηx, ηy, ηz
o n ly .  T h e re  is  s t i l l  a t e r m w h ic h  is  no t a fu n c t io n  o f ηx, ηy, ηz,
b u t  a fu n c t io n  o f  t im e  o n ly .  S t r i c t l y  speak ing  the  s i m i l a r i t y  p ro p o s e d  
in  Eqn . (63) -  (65) does n o t  r e s u l t  in  a s i m i l a r i t y  s o lu t io n .  In  o th e r  
w o rd s ,  the s i m i l a r i t y  does n o t  e x is t .  H o w e v e r ,  i f  the t e r m is
s u p p re s s e d  o r  le s s  s ig n i f ic a n t  c o m p a re d  to  the o th e r  t e r m s ,  then  the 
s i m i l a r i t y  does e x is t  in  an a p p ro x im a te  m a n n e r .  T h e re fo r e ,  we m a y  
c la im  the s i m i l a r i t y  e x is ts  i f
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and the fu n c t io n s a re  o f o r d e r  u n i ty .  The m e a s u re  
o f  the s p re a d  o f the c loud  o f  c o n ta m in a n t  in  the v e r t i c a l  d i r e c t io n  about i t s  
c e n te r  of m a s s  is  Σ z , w h e re
d e f in e
then
I t  has been shown by C h a tw in  (1968) th a t
H ence
so th a t
The  f r a c t io n a l  r a te  o f  e xpa ns io n  o f  the  c lo u d is ,
t h e r e fo r e ,  equ a l to . The above c r i t e r i o n  o f the e x te n t  o f 
s i m i l a r i t y  shows th a t  f o r  the  s i m i l a r i t y  s o lu t io n  to  a p p ly ,  the f r a c t io n a l  
r a te  o f change o f m a t e r i a l  in  the c lo u d  due to  c h e m ic a l  r e a c t io n s  m u s t  be 
s m a l l  c o m p a re d  w i th  the f r a c t io n a l  r a te  o f e x p a n s io n  o f  the c lo u d .  T h e re  
m a y  be o th e r  c i r c u m s ta n c e s  u n d e r  w h ic h  the s i m i l a r i t y  h y p o th e s is  a p p l ie d  
to  a r e a c t in g  s y s te m ,  b u t  a t  the p r e s e n t  t im e  the  above  a s s e r t io n  m a y  be 
ta k e n  as a c h a l le n g e  f o r  f u r t h e r  te s t in g  e i th e r  e x p e r im e n ta l ly  o r  t h e o r e t ic a l l y .
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B . A p p l ic a t io n s
1. D e v e lo p m e n t  and g e n e ra l iz a t io n  o f  L a g ra n g ia n  s i m i l a r i t y  to  
c h e m ic a l l y  r e a c t in g  d i f fu s io n  o f  d i f f e r e n t  s o u rc e s .
The  c h e m ic a l  r e a c t io n  r a te  f o r  com pon en t i  can  be w r i t t e n  in  t e r m s  
o f  the c h e m ic a l  r e a c t io n  ra te s  fo r  the ρ  re a c t io n s  in v o lv in g  η  c h e m ic a l  
sp e c ie s  as fo l lo w s
(68)
w h e re  J j  is  the r a te  o f the j t h  r e a c t io n  and V i j  is  the s to ic h io m e t r i c
c o e f f ic ie n t  f o r  co m p o n e n t i  in  the j t h  re a c t io n .  In  o th e r  w o rd s ,  th e re  
a re  η  c h e m ic a l  spec ies  in v o lv in g  in  ρ  c h e m ic a l  re a c t io n s ,
(69)
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C h e m ic a l  r e a c t io n  r a te  o f  j t h  r e a c t io n  can be e x p re s s e d  in  the f o r m
(70)
w h e re  α k j  the  o r d e r  of r e a c t io n  o f  spec ies  k  in  the  j t h  re a c t io n .
I f  the  f lu c tu a t in g  r e a c t io n  t e r m   V ' i  i s  n e g l ig ib le ,  Eqn . (68) can be
w r i t t e n  as
(71)
In  the fo l lo w in g ,  we s h a l l  a p p ly  the  L a g ra n g ia n  s i m i l a r i t y  h y p o th e s is  
to  d i f f e r e n t  s o u rc e s  (S e in fe ld ,  1969).
( i)  In s ta n ta n e o u s  p o in t  so u rce
F o r  the case of an  in s ta n ta n e o u s  p o in t  s o u rc e ,  the  s i m i l a r i t y  
f o r m  f o r  C i  m u s t  a ls o  be c o n s is te n t  w i th  the fo l lo w in g  c o n d it io n
(72)
w h e re  Q i (t) = m a s s  o f spec ies  a t  t im e  t 
F r o m  E qn . 71, we get
(73)
L a g ra n g ia n  s i m i l a r i t y  h y p o th e s is  f o r  c h e m ic a l ly  r e a c t in g  d i f fu s io n  im p l ie s
(74)
u s in g  the  r e la t io n  in  E qn . 73, then
(75)
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W h e re
(76)
In  th is  w ay , the d i f fu s io n  and c h e m ic a l  r e a c t io n  e f fe c ts  a re  p a r t i a l l y  
u n co u p le d .  T he  se t o f  n o n l in e a r ,  coup led , second o r d e r  p a r t i a l  d i f f e r e n t ia l  
e q u a t io n  (Eqn. 62) has been re d u c e d  to  a se t o f  n o n l in e a r ,  coup led , f i r s t  o r d e r  
o r d in a r y  d i f f e r e n t ia l  equa tions  s u i ta b le  f o r  n u m e r ic a l  e v a lu a t io n .  Eqn . (75)
c o r re s p o n d s  to  the  k in e t i c  e x p re s s io n  f o r  v a r ia b le  v o lu m e  b a tc h  r e a c to r  (V V B R )  and is  
r e la te d  to  c h e m ic a l  r e a c t o r  m o d e ls  o f te n  s tu d ie d  in  c h e m ic a l  e n g in e e r in g  
(D enb igh ,  1965). T he  t e r m  Q i / z - 3  is  e q u iv a le n t  to  the c o n c e n t ra t io n  of
c o m p o n e n t  i  in  the r e a c to r  and z-3 to  the r e a c t o r  v o lu m e .
T he  g ro u n d  le v e l  c o n c e n t ra t io n  is  g iv e n  by the fo l lo w in g  r e la t io n  when
(77)
w h e re  a is  a c o n s ta n t  equa l
S ince the  m e a n  p o s i t io n  o f the  c lo u d  above g ro u n d ,  in c re a s e s  
m o n o to n ic a l ly  w i th  t im e  as c lo u d  expands. The c o n c e n t ra t io n  a t  g roun d  
le v e l  o f a n o n - r e a c t in g  spec ies  d e c re a s e s  c o n t in u o u s ly  as c lo u d  expands.
F o r  a spec ies  g e n e ra t in g  by  c h e m ic a l  re a c t io n ,  such as N O 2 , o r  O 3 in  
the  case o f  p h o to c h e m ic a l  sm og , Qi  in c re a s e s  w i th  t im e  fo r  a t  le a s t  
som e p o r t io n  o f the  c lo u d  t r a je c t o r y .  In  t h is  case , a m a x im u m  c o n c e n t ra t io n  
can  be expec ted .
( i i )  C o n tinuo us  p o in t  sou rce
The c o o rd in a te  s y s te m  e m p lo y e d  in  the m a th e m a t ic a l  a n a ly s is  
i s  show n b e lo w  ( F ig .  7 ),
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F ig .  7 .  C o o rd in a te  S y s te m  o f  C o n t inuo us  P o in t  
S o u rce  and C o n tinuo us  L in e  S ou rce
F o r  any  p lane  a t c o n s ta n t  X the  c o n t in u i ty  c o n d i t io n  h o ld s :
(78)
w h e re  W i(x )  = m a s s  o f  spec ies  i  p e r  u n i t  t im e  c r o s s in g  a p la n e  a t  x . 
Because o f  c h e m ic a l  r e a c t io n ,  W i(x )  is  no lo n g e r  a c o n s ta n t  bu t a fu n c t io n  
o f  x .
D i f f e r e n t ia t e  E qn . (78) w i th  re s p e c t  to  x , we have
(79)
N o w , f r o m  the  e q u a t io n  o f  c o n s e rv a t io n  o f sp e c ie s ,  E qn . (62), w i th  n e g le c t  
o f  d i f fu s io n  in  the x  d i r e c t io n ,
(80)
Thus  , (81)
The  b o u n d a ry  c o n d it io n s  a re
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B y  u s in g  these  b o u n d a ry  c o n d it io n s  in  the in te g r a t io n  o f  the f i r s t  tw o  t e r m s  
a t  the r i g h t  hand s ide o f Eqn . (81), we have
(82)
B y  a p p ly in g  the  L a g ra n g ia n  s i m i l a r i t y  h y p o th e s is  f o r  the r e a c t in g  case , f r o m  
E qn . (52),
w h e re
(83)
(84)
F o r  a c h e m ic a l  r e a c t io n  s y s te m  g iven  by Eqn. (69), and c h e m ic a l  r e a c t io n  
r a te
(85)
s u b s t i tu t in g  E qn . (85) in to  E q n . (82), then
(86)
w h e re
(87)
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In  the  sam e  w a y  as in  the  in s ta n ta n e o u s  p o in t  s o u rc e s ,  the p a r t i a l  
d i f f e r e n t ia l  e q u a t io n  has been p a r t i a l l y  u n co u p le d  to  a se t  o f  o r d in a r y  d i f f e r e n t ia l  
equ a t ions  .The g ro u n d  le v e l  c o n c e n t ra t io n  is  easy  to  o b ta in  by  s e t t in g  y  =  z  =  0
in  E qn . (83).
( i i i )  C o n tinuo us  l in e  so u rce
In  the  case o f  c on t in uous  l in e  s o u rc e ,  the c o n c e n t ra t io n  is  no 
lo n g e r  a fu n c t io n  o f  y . In  a sense, th is  is  m u c h  e a s ie r  than  the case o f  
co n t in u o u s  p o in t  s o u rc e .  The a n a ly s is  o f  the d i f fu s io n  f r o m  a c on t in uous  l in e  
s o u rc e  based  on the L a g ra n g ia n  s i m i l a r i t y  h y p o th e s is  f o r  c h e m ic a l ly  r e a c t in g  
i s  s im i l a r  to  the p re v io u s  d is c u s s io n s  o f c on t in ous  p o in t  s o u rc e .
R e fe r  to  the c o o rd in a te  s y s te m  g iven  in  ( i i ) ,  a t  any p lane  x  = c o n s ta n t  
d o w n w in d  f r o m  the s o u rc e ,  the c o n t in u i ty  c o n d i t io n  im p l ie s
(88)
w h e re  V i ( x )  is  m a s s  o f spec ies  i  c r o s s in g  the p lane  a t  x  =
c o n s ta n t .  D i f fe re n t ia te  E qn . (88) w i th  r e s p e c t  to  x :
(89)
F r o m  the  e qu a t ion  o f the c o n s e rv a t io n  o f  sp e c ie s ,  E qn . (62), w i th  n e g l ig ib le  
d i f fu s io n  in  the  x  and y d i r e c t io n s ,  we have
(90)
s u b s t i tu t in g  in to  E qn . (89), then
(91)
T he n  b o u n d a ry  c o n d it io n a t im p l ie s  the f i r s t
t e r m  o f the  in te g r a t io n  o f  E qn . (91) i s  z e r o .
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T h e r e fo r e (92)
By a p p ly in g  L a g ra n g ia n  s i m i l a r i t y  h y p o th e s is  f o r  c h e m ic a l l y  re a c t in g  
d i f fu s io n ,
(93)
w h e re (94)
F o r  a c h e m ic a l  r e a c t io n  s y s te m  g iven  by  E qn . (69) and w i th  r e a c t io n  ra te  
g iv e n  b y  E qn . (71), then
(95)
w h e re (96)
A g a in ,  the p a r t i a l  d i f f e r e n t ia l  eq u a t io n  has been p a r t i a l l y  u n co u p le d  to  an 
o r d in a r y  d i f f e r e n t ia l  e q u a t ion .
( iv )  R e la t io n s h ip  am ong  the th re e  d i f f e r e n t  s o u rc e s  and 
t h e i r  a s s u m p t io n s .
The  p r o b a b i l i t y  o f  f in d in g  the m a rk e d  f lu id  p a r t i c le  in  a 
n e ig h b o rh o o d  o f the  p o in t  x , y , z a t t im e  t  is  ψ  (x, y, z, t)
I n  o u r  th re e  s o u rc e s ,  o u r  a s s u m p t io n  is  th a t  ψ  is  in v a r ia n t  w i th  r e s p e c t  
to  t ,  b u t  a fu n c t io n  o f  ηx , η y ,  and η z  o n ly .
F o r  an in s ta n ta n e o u s  p o in t  s o u rc e ,  the m e a n  c o n c e n t ra t io n  is  g iv e n  by
(97)
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F o r  a c on t in uous  p o in t  s o u rc e ,  the m e a n  c o n c e n t ra t io n  is  found by an 
in te g r a t io n  o f  in s ta n ta n e o u s  p o in t  so u rc e  fo r  t  f r o m  0  to  ∞ . The c o n ­
c e n t r a t io n  is  no lo n g e r  a fu n c t io n  o f  t im e  t.
(98)
F o r  a c on t in uous  l in e  s o u rc e ,  the m ean  c o n c e n t ra t io n  is  found by in te g ra t in g  
the  c o n t in u o u s  p o in t  so u rc e  f o r  y  f r o m  -∞  to +∞ . The  m e a n  c o n c e n t r a ­
t io n  is  t h e r e fo r e  a fu n c t io n  o f x  and z  o n ly ,
(99)
C o n s id e r  a sequence o f in s ta n ta n e o u s  n o n - in te r a c t in g  p o in t  s o u rc e s  o f 
s t re n g th , then
is  the  r a te  o f e m is s io n  o f spec ies  i .
(100)
I f  the  sp e c ie s  i  a t  t  = o is  e m i t te d , then is
c o n s ta n t ,  so th a t
, a fu n c t io n  o f  x  o n ly ,  as Δt  → 0,
i .  e. , (101)
The in d e p e n d e n t v a r ia b le  o f is  changed f r o m  t  to  x .  I n  the
E u le r ia n  sense, on ly  changes w i th  x . The r e la t io n s h ip
be tw een  th re e  cases  m a y  be s u m m a r iz e d  as fo l lo w s :
T ype  o f  s o u rc e  
S o u rce  s t re n g th  
L .  S. H . F o r m
I.  P . S. 
Q i
Eqn. (97)
C. P. s.
W i( x )  
E qn . (98)
C. L .  S.
Vi (x) 
E qn . (99)
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2. A p p l ic a t io n s  o f  L a g ra n g ia n  S i m i l a r i t y  H y p o th e s is  o f  C h e m ic a l ly  
R e a c t in g  D i f fu s io n  to  a B im o le c u la r  C h e m ic a l  R e a c t io n  A  +  B  → C 
T he  a p p l ic a t io n  o f  the L a g ra n g ia n  s i m i l a r i t y  h y p o th e s is  to  a 
b im o le c u la r  c h e m ic a l  r e a c t io n  f r o m  an in s ta n ta n e o u s  p o in t  s o u rc e  has 
been shown by F r ie d la n d e r  and S e in fe ld  (1969). S ince i t  d e m o n s t ra te s  
the a p p l ic a t io n  o f  the h y p o th e s is  e f fe c t iv e ly ,  i t  is  thus  p r o p e r  to  show 
t h e i r  r e s u l t s  h e re .
(i ) .  In s ta n ta n e o u s  p o in t  s o u rc e .
A n  a n a ly t ic a l  s o lu t io n  can be ob ta in e d  f o r  n e u t r a l  c o n d it io n s  
w hen  Ф ( ζ ) = Ф ( 0) = 1. The  s o lu t io n  w h ic h  s a t is f ie s  the i n i t i a l
c o n d i t io n  Q i  = 0 a t  z- = h  is
(109)
w h e re
(110)
The r e s u l t  o f c a lc u la t io n s  based  on E qn. (110) a re  shown in  
F ig s .  8, 9, and 10. F ig u r e s  8 shows th a t  the d im e n s io n le s s  g roun d  
le v e l  c o n c e n t ra t io n  o f p ro d u c t  re a c h e s  a m a x im u m  n e a r  the so u rc e  and 
th e n  r a p id ly  d e ca ys .  F o r  g iv e n  va lues  o f σ  , the r a t i o  o f  re a c ta n t  
s o u rc e  s t re n g th s ,  h ig h e s t  g roun d  le v e l  c o n c e n t ra t io n s  a re  o b ta in e d  f o r  
la rg e  v a lu e s  o f  N S, c o r re s p o n d in g  to  h ig h  c h e m ic a l  r e a c t io n  ra te s  and 
lo w  f r i c t i o n  v e lo c i t ie s .
In  F ig .  9 and 10 i t  is  shown th a t  the  c o n d i t io n
is  b e s t  s a t is f ie d  fo r  la rg e  v a lu e s  o f , c o n s is te n t  w i th  the  a s y m p to t ic  
n a tu re  o f  the  o r ig i n a l  s i m i l a r i t y  h y p o th e s is  on w h ic h  the a n a ly s is  is  based.
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The  r a t i o is  g re a te s t  n e a r  the s o u rc e  and then  fa l l s  
r a p id ly  s in ce  the c h e m ic a l  r e a c t io n  ra te s  a re  p a r t i c u l a r l y  s e n s i t iv e  to  
the r e a c ta n t  c o n c e n t ra t io n s .  The t o ta l  q u a n t i ty  o f  p ro d u c t  g e n e ra te d  by 
the  c h e m ic a l  r e a c t io n  as can be c a lc u la te d  f r o m  Eqn. 109 and
is
(111)
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Q c  ∞ is  a lw a y s  l e s s  th a n  QA o ; the  m a x im u m  a m o u n t  of p ro d u c t  
w h ic h  w o u ld  be p ro d u c e d  in  a f ix e d  v o lu m e  ba tch  r e a c to r  (Q Ao < Q Bo)
The  r e d u c t io n  r e s u l t s  f r o m  the quench ing  e f fe c t  o f the r a p id  exp a n s io n  o f 
the V V B R T h is  seem s to  be an im p o r ta n t  r e s u l t .  N o t  
o n ly  is  the c o n c e n t ra t io n  o f  the p ro d u c t  o f the c h e m ic a l  r e a c t io n  re d u c e d  
by  the m ix in g  p ro c e s s ,  b u t  so a ls o  is  the m a x im u m  a t ta in a b le  to ta l  q u a n t i ty  
o f  p ro d u c t .  The  e x te n t  o f the  r e d u c t io n  depends on the  d im e n s io n le s s  g ro u p  
N S: s m a l l  v a lu e s  o f  NS , c o r re s p o n d in g  to  lo w  re a c t io n  ra te s  ( s m a l l  k) and 
la r g e  m ix in g  ra te s  (h igh  μ * ), le a d  to  s m a l l  v a lu e s  o f  Q  c  ∞. F r o m  th is
k in d  o f  a n a ly s is ,  i t  is  p o s s ib le  to  deve lop  s im p le  c r i t e r i a  f o r  a tm o s p h e r ic  
c o n ta m in a n t  le v e ls  in  a r e a c t in g  s y s te m .  F o r  e x a m p le ,  i f  σ - 1 and NS 
< <  1, E q . ( 111) can be w r i t t e n  a p p ro x im a te ly  as
(112)
N o w  a ssu m e  th a t  Q A o  and QBo r e p re s e n t  the t o ta l  am o u n ts  o f p o l lu ta n ts
A  and B e m it te d  by a s o u rc e  in to  an a i r  b a s in  w i th  in v e r s io n  h e ig h t  H. 
A s  the c lo u d  expands to  the in v e r s io n  h e ig h t ,  the to ta l  a m o u n t  o f  p ro d u c t  
g e n e ra te d ,  Q c ∞ , w i l l  be m ix e d  in to  the v o lu m e  HS w h e re  S is  the 
e f fe c t iv e  a re a  c o v e re d  by  the c lo u d .  T h is  le a d s  to  the fo l lo w in g  r e s u l t  f o r  
the a v e ra g e  c o n c e n t ra t io n  o f  p ro d u c t ,  Q  c  ∞ / H S , a f te r  e x p a n s io n  to
the in v e r s io n  h e ig h t :
(113)
W hen p o l lu ta n t  e m is s io n s  and the  e f fe c t iv e  a re a  c o v e re d  by the c lo ud  a re  
c o n s ta n t ,  the r i g h t  hand s ide  o f Eq . ( 113) is  a c o n s ta n t ,  in depe nden t of 
m e te o r o lo g ic a l  c o n d i t io n s .  Eq . (113) is  then  s im i l a r  in  f o r m  to a c o r r e l a ­
t io n  p ro p o s e d  by Schuck , P i t t s  and Wan (1966) f o r  o x id a n t  c o n c e n t ra t io n  in
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th e  L o s  A n g e le s  b a s in .  T he  Schuck, e t . a l .  e x p re s s io n  was e m p i r i c a l l y  
d e r iv e d ,  based  on o n ly  tw o  sets  o f e x p e r im e n ta l  da ta . T he  t h e o r e t ic a l  
c a lc u la t io n  g iv e n  above is  based on the b im o le c u la r  r e a c t io n  m o d e l  w h ic h  is  
h ig h ly  s im p l i f i e d  so fa r  as sm og  is  c o n c e rn e d .  Hence i t  canno t be c la im e d  
th a t  the c o r r e la t io n  is  w e l l  e s ta b l is h e d  e i th e r  on e x p e r im e n ta l  o r  t h e o r e t ic a l  
g ro u n d s .  I t  w i l l  be in te r e s t in g  to  see w h e th e r  f u r t h e r  s tu d ie s  s u p p o r t  th is  
o b s e rv a t io n .
(i i ) .  C o n tinuo us  P o in t  S ou rce  and C on tinuous  L in e  S ou rce
F o r  a b im o le c u la r  c h e m ic a l  re a c t io n ,  Eqn. (86) leads  to  the
fo l lo w in g  equa tion :
( 114)
L e t
then
(115)
w h e re
at
(116)
( 117)
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F o r  a c o n t in u o u s  l in e  s o u rc e ,  we w i l l  get a s o lu t io n  in  the f o r m  o f
E q ns .  (116) and ( 1 1 7 ) .  F o r  f u r t h e r  in fo r m a t io n  abou t the m e a n  c o n c e n t ra t io n ,
a c r i t i c a l  s tep  is  to  in v e s t ig a te  the p r o b a b i l i t y  d e n s i ty  fu n c t io n  ψ.
4 6
3. The V a r ia b le  V o lu m e  B a tc h  R e a c to r  M o d e l  (V V B R )  and the 
C r i t i c a l  D a m k o h le r  P a r a m e te r  f o r  the F o r m a t io n  o f  Smog.
We can n ow  go on to  d is c u s s  the  m o re  r e a l i s t i c  case o f
the V V B R  w i th  the u l t r a s im p l i f i e d  m o d e l  f o r  c h e m ic a l  k in e t ic s .  D e fine  
the " e f fe c t iv e  c o n c e n t r a t io n "  η i , such  th a t
(118)
T h e n  Eqn. (75) becom es
(119)
B a se d  on the ex tended  L a g ra n g ia n  s i m i l a r i t y  h y p o th e s is ,  the 
v e r t i c a l  a v e ra g e  v e lo c i t y , on d im e n s io n a l  g ro u n d s  m u s t  be 
p r o p o r t io n a l  to  the f r i c t i o n  v e lo c i t y  μ *  t im e s  som e u n iv e r s a l  d im e n s io n ­
le s s  fu n c t io n  in v o lv in g  M o n in -O b u k h o v  le n g th  L  (Eqn. 28):
w h e re
and is  a u n iv e r s a l  fu n c t io n  o f the d im e n s io n le s s  v a r ia b le  ϶ 
F o r  a d ia b a t ic  c o n d it io n ,  q  =  0  and, t h e r e fo re  L  = ∞ , f r o m  w h ic h
i t  f o l lo w s  th a t  φ (϶ ) →  1 a s ϶  → 0 .
F r o m  E q n .  (119),  we have then
(120)
f o r  a n e u t r a l  case , i .  e. , L  = ∞ .
I t  is  in te r e s t in g  to  no te  th a t  Eqn . (120) b eco m e s  the eq u a t io n  fo r  the
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c o n s ta n t  v o lu m e  b a tch  r e a c to r  m o d e l  (C V B R ) as h / b μ *  → ∞. The 
r e s u l t s  f o r  v a r io u s  v a lu e s  o f h / b μ *  as a p a r a m e te r ,  us ing  the u l t r a -
s im p l i f i e d  c h e m ic a l  r e a c t io n  m o d e l  a re  shown in  F ig .  11 th ro u g h  14.
P h o to c h e m ic a l  sm og re a c t io n s  have been s tu d ie d  e x p e r im e n ta l ly  in  
sm og  c h a m b e rs  s im u la t in g  a tm o s p h e r ic  c o n d it io n s .  I t  is  know n tha t 
th e re  is  a d r a m a t ic  c o n v e rs io n  o f  NO to  N O 2 w hen  the r a d ia n t  e n e rg y  
is  su p p l ie d .  U s u a l ly ,  h o w e v e r ,  these  e x p e r im e n ts  a re  p e r f o r m e d  in  
a c o n s ta n t  v o lu m e  b a tch  r e a c to r .  In  the case o f v a r ia b le  v o lu m e  ba tch  
r e a c t o r ,  as p h o to c h e m ic a l  sm og  in  the a tm o s p h e re ,  the p o l lu ta n ts  no t 
o n ly  r e a c t  w i th  each o th e r ,  they  a ls o  d is p e rs e  in to  the a tm o s p h e re .  I f  
d i f f u s io n  is  ra p id ,  th e re  m a y  be no p h o to c h e m ic a l  r e a c t io n s  o c c u r r in g ,  
because  the  r e a c t io n s  m a y  be quenched due to  d is p e r s io n .  On the o th e r  
hand, i f  c h e m ic a l  r e a c t io n  c o n t r o ls ,  then  the p h o to c h e m ic a l  r e a c t io n  w i l l  
n o t  d ie  ou t even a t  v e r y  lo w  c o n c e n t ra t io n .  I t  has been show n th a t  the 
L a g ra n g ia n  s i m i l a r i t y  h y p o th e s is  a p p l ie d  to  the  r e a c t in g  case o f  the 
c h e m ic a l  r e a c t io n  is  s lo w  c o m p a re d  to  the a tm o s p h e r ic  d is p e r s io n ,  i .  e. ,
I n  the  case o f  f a s t  re a c t io n s ,  the  L a g ra n g ia n  s i m i l a r i t y  h y p o th e s is  
is  g e n e r a l ly  no lo n g e r  a p p l ic a b le .  B u t  s in ce  the c h e m ic a l  r e a c t io n s  a re  
fa s t ,  th a t  s h o r t  p e r io d  o f r e a c t io n  t im e  m a y  be n e g le c te d .  A f t e r  the 
r e a c t io n s  a re  c o m p le te d ,  the  r e s u l t a n t  p ro d u c ts  m a y  be t re a te d  as p a s s iv e  
c o n ta m in a n t  in  w h ic h  the above th e o ry  m a y  be a g a in  a p p l ic a b le .
I t  a ls o  was d e te rm in e d  in  the la b o r a to r y  and in  e x p e r im e n ts  th a t  the 
c o n s u m p t io n  o f  r e a c ta n t  h y d ro c a rb o n ,  the r i s e  o f  o x id a n t ,  e tc .  , do no t 
s t a r t  u n t i l  the c o n v e rs io n  o f NO to  N O 2 is  a lm o s t  c o m p le te .  I t  is  thus 
re a s o n a b le  to  a s s e r t  th a t  the  c r i t i c a l  va lue  fo r  the f o r m a t io n  o f p ho toch em i c a l  
sm og is  when
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I f  the above c r i t e r i o n  is  a p p l ie d  to  E qn . (120) then
(121)
T he  le f t  hand  s ide  o f E q u a t io n  (121) c o r re s p o n d s  to  a m e c h a n ic a l  t im e ,  
τ m a c h , and the r i g h t  hand s ide  o f the e qu a t ion  c o r re s p o n d s  to  a 
c h e m ic a l  t im e ,  τ c h e m . The D a m k o h le r  n u m b e r  is  d e f in e d  as the r a t i oτmach/e
. H ence  by E q u a t io n  (121) the c r i t i c a l  va lue  f o r  the 
f o r m a t io n  o f  p h o to c h e m ic a l  sm og  is  thus  th a t  the  D a m k o h le r  n u m b e r  is  
u n i ty .
I f  the u l t r a s im p l i f i e d  m o d e l  is  a s u i ta b le  k in e t i c  m o d e l  f o r  the 
p h o to c h e m ic a l  sm og  re a c t io n ,  the c r i t i c a l  va lue  o f h /b μ *  i s  g i v e n  b y
F o r  A 1 = A 2 ≈  1,
the c r i t i c a l  va lu e  is  abou t 15 m in u te s  f o r  the i n i t i a l  c o n c e n t ra t io n s  :
[η1]0 = 0 .2  p p m
[η2]0 = 1 .0  p p m
[η3]0 = 2 .0  p p m
The r e s u l t s  a r e  shown in  F ig u r e s  11 th ro u g h  14 f o r  fo u r  d i f f e r e n t  va lues  
o f  h / b μ * · F o r  s m a l l  v a lu e s  o f h / b μ * , c o r re s p o n d in g  to r a p id  m ix in g ,
the  c h e m ic a l  r e a c t io n  is  e f fe c t iv e ly  quenched and the re a c ta n ts  r a p id ly  
d is p e rs e d .  F o r  h/bμ* >  100 m in u te s ,  ozone beg ins  to  a pp ea r  and the
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c u rv e s  a s s u m e  a f o r m  t y p ic a l  o f the c o n s ta n t  b a tch  r e a c to r  s tu d ie s  m ade  
in  sm og  c h a m b e rs  (see F ig .  4).
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4 . A p p l ic a t io n s  o f  L a g ra n g ia n  s i m i l a r i t y  h y p o th e s is  o f  c h e m ic a l ly  
r e a c t in g  d i f f u s io n  to  the  u l t r a s im p l i f i e d  m o d e l .
T he  ex tended L a g ra n g ia n  s i m i l a r i t y  h y p o th e s is  can be a p p l ie d  to  
the  u l t r a s im p l i f i e d  m o d e l  f o r  an in s ta n ta n e o u s  p o in t  s o u rc e  in  the a d ia b a t ic  
c o n d i t io n s .  The  u l t r a s im p l i f i e d  m o d e l  takes  in to  a c co u n t the  c h e m ic a l  
spec ies  NO, N O 2 , O 3 O, R H , and R· ( f re e  r a d ia l ) .  S teady s ta te  a s s u m p t io n s  
to  O, O3 and R · , r e s u l t s  in  th re e  a lg e b r a ic  equa tions  ( F R IE D L A N D E R  and 
S E IN F E L D ,  1969): 
F o r  an e le v a te d  s o u rc e ,  the ex tended  L a g ra n g ia n  s i m i l a r i t y  h y p o th e s is  g ives  
the  fo l lo w in g  equ a t io n s  f o r  Ν O 2 ,  NO and RH:
w h e re
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Q 1 ,  Q 2 ,  Q 3  r e f e r s  to  the s o u rc e  s t re n g th s  o f  N O 2 , NO, and R H
r e s p e c t iv e ly .  Qo/h3 is  a r e fe re n c e  c o n c e n t ra t io n  to  m a k e  the c o n c e n t ra t io n  
t e r m  d im e n s io n le s s .  αN, λN, σN, μN a re  the D a m k o h le r  p a r a m e te r s  d e f in e d  
by  τm ech /τchem . F o r  e x a m p le , The D a m k o h le r  p a r a m e te r s  
in c lu d e  the  e f fe c ts  o f the fo l lo w in g  m e te o r o lo g ic a l  v a r ia b le s :
(1) s o la r  r a d ia t io n  and te m p e ra tu r e  th ro u g h  r e a c t io n  ra te  
c o n s ta n ts ,  α ,  λ ,  μ ,  σ .
(2) W ind  c o n d i t io n  th ro u g h  f r i c t i o n  v e lo c i t y  μ * .
(3) s t a b i l i t y  th ro u g h  L  ( L  = ∞ ).
W i th  g ive n  i n i t i a l  c o n d it io n s  and D a m k o h le r  p a r a m e te r s ,  the s o lu t io n  
o f  the  above d i f f e r e n t ia l  equ a tions  is  easy  to  o b ta in  by  n u m e r ic a l  in te g ra t io n .
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V .  D E T E R M IN A T IO N  O F  T H E  P R O B A B IL IT Y  D E N S IT Y  F U N C T IO N
A .  N o n -R e a c t in g  Case
The t u rb u le n t  d i f fu s io n  o f a p a s s iv e  ( n o n - re a c t in g )  subs tance  
re le a s e d  f r o m  a s o u rc e  in to  the a tm o s p h e re  was c la s s i f ie d  a c c o rd in g  to  
the  c o n d i t io n  u n d e r  w h ic h  the subs tance  was re le a s e d ,  v iz .  , in s ta n ta n e o u s  
p o in t ,  c on t in uous  p o in t  and con t inuous  l in e  s o u rc e .  I n  the  la t t e r  tw o  cases , 
the s t re n g th  m a y  be a fu n c t io n  o f t im e .  In  the f i r s t  case, the subs tance  is  
c o m p le te ly  d is c h a rg e d  d u r in g  an  i n f i n i t e s im a l  p e r io d  o f  t im e .  The p u f f  o f 
subs tance  then  beg ins  to  d i f fu s e  about i t s  c e n te r  o f m a s s ,  w h ic h  is  m o v in g  
r a n d o m ly  w i th  tu rb u le n t  m o t io n  e x is t in g  in  the a tm o s p h e re .
We s h a l l  f i r s t  r e s t r i c t  ou r  c o n s id e ra t io n  to  the in s ta n ta n e o u s  p o in t  
s o u rc e  u n d e rg o in g  v e r t i c a l  d i f f u s io n ,  and we s h a l l  f u r t h e r  a ssu m e  th a t  the 
h o r iz o n ta l  d i f f u s io n  in  x  and y  d i r e c t io n s  a re  in depe nden t am ong  t h e m ­
s e lv e s .  In  any in s ta n ta n e o u s  re le a s e d  s o u rc e ,  we a re  in te r e s te d  m a in ly  in  
d is c u s s in g  the d i s t r ib u t io n  o f  subs tance  about the c e n te r  o f m a s s .  T hus , a 
L a g ra n g ia n  d e s c r ip t io n  is  m o re  a p p ro p r ia te  th a n  an E u le r ia n  in  d is c u s s in g  
the s t a t i s t i c a l  p r o p e r t ie s  o f a d i f fu s in g  p u f f .
A f t e r  a p e r io d  of time t  w hen  the p u f f  was re le a s e d ,  the shape o f 
is o - c o n c e n t r a t io n  l in e s  w i l l  be i r r e g u l a r  and ra n d o m . The p o in t  o f m a x im u m  
c o n c e n t ra t io n  w i l l  n o t  n e c e s s a r i l y  c o in c id e  w i th  the c e n te r  o f  m a s s .  I f  
u n d e r  the  sam e c o n d it io n s ,  a la rg e  n u m b e r  o f  e x p e r im e n ts  a re  p e r fo r m e d ,  
the  c e n te r  of m a s s  o f each  p u f f  w i l l  f o l lo w  a d i f f e r e n t  h i s t o r y  due to n o n -  
s ta t io n a r y  and in hom ogen eous  c h a ra c te r  o f the la r g e r  edd ies  to  the e x te n t  to  
w h ic h  th e y  a re  in c lu d e d  o r  e xc lu d e d  by the f in i t e  i n t e r v a l  o v e r  w h ic h  the 
a v e ra g e  is  ta ke n . H o w e v e r ,  as f a r  as the r e la t iv e  d i s t r ib u t io n  o f  subs tance  
w i th  re s p e c t  to  the c e n te r  o f m a s s  is  c o n ce rn e d , the s ta t i s t i c a l  p r o p e r t ie s  
m a y  be a lm o s t  e q u iv a le n t  to  each o th e r  fo r  in d iv id u a l  p u f f ,  s in ce  the s m a l le r  
edd ies  r e s p o n s ib le  f o r  the r e la t i v e  d i s t r ib u t io n  a re  supposed  to  be s ta t io n a r y
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and hom ogeneous . T hu s ,  i f  we take  an in f i n i t e  n u m b e r  o f  d i s t r ib u t io n s ,  
each  o b s e rv e d  a t  the sam e t im e  in t e r v a l  a f te r  re le a s e ,  and i f  we su p e rp o se d  
th e m  in  such  a w a y  th a t  the c e n te rs  o f m a s s  c o in c id e  w i th  each o th e r ,  and i f  
we a v e ra g e  o v e r  a l l  the s u p e rp o s e d  d i s t r ib u t io n s ,  we w o u ld  then  expe c t  a 
r o ta t i o n a l l y  s y m m e t r i c a l  d i s t r ib u t io n  o f  subs tance  abou t the c e n te r  o f  m a s s ,  
w h ic h  c o r re s p o n d s  to  the p o in t  o f  m a x im u m  c o n c e n t ra t io n .  The m e a n  c o n ­
c e n t r a t io n  is  then  a fu n c t io n  o f the d i f fu s io n  t im e  t  and d is ta n c e  z f r o m  
the c e n te r  of m a s s .
The tu rb u le n t  d i f fu s io n  p ro c e s s ,  in  g e n e ra l ,  is  d e s c r ib e d  by the 
fo l lo w in g  p r o b a b i l i t y  d is t r ib u t io n s :
= p r o b a b i l i t y  o f f in d in g (t) in  the  range
a t t im e  t,  w h e re (t) is  r a n d o m  c o o rd in a te  o f 
a m a rk e d  f lu id  p a r t i c le  r e la t i v e  to  the m o v in g  c e n te r  
o f  m a s s ;
= jo in t  p r o b a b i l i t y  o f  f in d in g (t) in  a
range a t t im e  to and in  a ra n g e
a t the  s u c c e s s iv e  t im e  t 1 ;
j o i n t  p r o b a b i l i t y  o f  f in d in g (t) in
a range a t t o , and 
a t  t 1 and a t t 2 ;
and so on.
The  p ro c e s s  is  c o n s id e re d  to  be a d is c re te  t im e  p ro c e s s  and t o  <  t 1  <  t 2  <  .  .  .  .
The  se t o f  the above fu n c t io n s  m u s t  s a t is f y  the fo l lo w in g  c o n d it io n s :
(i)
( i i )
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Since each  fu n c t io n m u s t  im p ly  a l l  the  p re v io u s
( i i i )
(122)
F o r  m o r e  p r e c is e  in f o r m a t io n  abou t the  p ro c e s s  we s h a l l  de f ine  
the  fo l lo w in g  t r a n s i t io n  p r o b a b i l i t y  fu n c t io n s :
L e t = t r a n s i t io n  p r o b a b i l i t y  th a t  g iv e n a t  t o
one f in d s (t) in  the  range
a t t im e  t 1, w h e re  t 1 > to , 
= t r a n s i t io n  p r o b a b i l i t y  th a t  g iven and
a t  to and t 1 , r e s p e c t iv e ly ,  one f in d s (t) in
the range at t im e  t 2  , w h e re
t2 > t 1 > to 
and so on.
T he se  t r a n s i t io n  p r o b a b i l i t i e s  a ls o  have the fo l lo w in g  p r o p e r t ie s :
( i)
( i i )
( i i i )
( i i i )  above is  n o th in g  bu t a d e f in i t io n  o f  t r a n s i t io n  p r o b a b i l i t y .  B y  in d u c t io n ,  
i t  can  be shown
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and
(123)
N ow , le t
= t r a n s i t i o n  p r o b a b i l i t y  th a t  i n i t i a l l y  g iv e n
a t t o one f in d s  (t) in  the range
a t  t im e  t k . T h is  is  a p o in t  fu n c t io n ,  i .  e. ,
i t  i s  i r r e s p e c t i v e  o f the at
c o r re s p o n d in g  t im e  t 1 ,  .  .  .  .  ,  tk -1
I t  th e n  fo l lo w s  th a t
(124)
In te g ra t in g  Eqn.(123) f o r o v e r
then
(125)
In  E q n .  (125), LHS = by Eqn.(122).
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F o r  a g iv e n  i n i t i a l  c o n d i t io n , we s t i l l  need  to  know
to  get
I f  we m a k e  an im p o r t a n t  a s s u m p t io n  th a t  the  p ro c e s s  o f  t u rb u le n t  
d i f f u s io n  is  a M a r k o v  p ro c e s s ,  then  the p r o b le m  is  m u c h  s im p l i f i e d .  The  
d e f in i t io n  o f  M a r k o v  p ro c e s s  is  th a t
T h e r e fo r e ,  E q u a t io n  (124) m a y  be w r i t t e n
(126)
F o r  a c o n t in u o u s  t im e  p ro c e s s ,  E qn . (126) b eco m e s
(127)
T h is  is  the s o - c a l le d  C h a p m a n -S m o lu c h o w s k i -K o lm o g o ro v  e q u a t ion .  
F o r  a s ta t io n a r y  p ro c e s s ,
B y  c h o o s in g  t o = O, E qn . (127) becom es
P ro p o s e
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F o r m a l l y ,  ta k in g  the  l i m i t  as , then
The  m o m e n ts  o f  the change in  the space c o o rd in a te  in  a s m a l l  t im e a re
and we a s s u m e  th a t  f o r o n ly  the f i r s t  and second  m o m e n ts  becom e
p r o p o r t io n a l  to , so th a t
le t
then
bu t
(128)
w h ic h  is  the F o k k e r - P la n c k  equ a t ion .
I n  v e r t i c a l  d i f f u s io n  o n ly ,  E qn . (128) becom es
(129)
I f  we a ssu m e
then Eqn. ( 129) beco m e s :
(130)
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B y  F o u r i e r  t r a n s fo r m ,  the s o lu t io n  o f  Eqn. (130) is  g iv e n  by
(131)
w h e re (132)
(133)
The f i r s t  e q u a l i ty  signs o f  E q n s .  (132) and  (133) a re  d e f in i t io n s  o f m e a n
and v a r ia n c e .  The  v a r ia n c e  is  the e x p e c ta t io n  o f
B y  the p re v io u s  a s s u m p t io n  th a t  th e re  is  no in te r a c t io n  am ong  v e r t i c a l  
and h o r iz o n t a l  d i f f u s io n ,  then  we have
w h e re
and th e r e fo re
(134)
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B y  a s s u m in g
E q n .  ( 1 34) becom es
(135)
E q n .  (135) is  e x a c t ly  the f o r m  a s s u m e d  by G i f fo r d  (1957). E q n .  ( 1 34) is
m o r e  g e n e ra l ,  and r e q u i r e s  in fo r m a t io n  about and f r o m
e x p e r im e n ta l  r e s u l t s .
A l th o u g h  o u r  d e r iv a t io n  f r o m  the fu n d a m e n ta l  th e o ry  o f s to c h a s t ic  
p ro c e s s e s  has re a c h e d  a f o r m  c o n s is te n t  w i th  those  p ro p o s e d  by G i f fo r d  (1957). 
E x p e r im e n t  has shown th a t  E u le r ia n  s ta t i s t i c s  o f tu rb u le n t  d is p e r s io n  a re  no t 
e x a c t ly  G auss ia n .  T h e re fo r e ,  one m u s t  be c a r e fu l  n o t  to  take  the a p p l i c a b i l i t y  
o f  the M a r k o v  th e o ry  to  tu rb u le n c e  too l i t e r a l l y .  H o w e v e r ,  th is  r e s e a r c h  is  
c le a r l y  e m p h a s iz e d  on p r a c t i c a l  a p p l ic a t io n  on e n g in e e r in g  m o d e l in g .  I t  is  
thus  u n d o u b te d ly  re a s o n a b le  as a p r a c t i c a l  a s s u m p t io n  fo r  r e a l  tu rb u le n c e .
B . R e a c t in g  Case and I ts  A p p l ic a t io n s  (P ro p o s e d )
I t  is  f r o m  the a n a ly s is  in  P a r t  (A) we get a p r o b a b i l i t y  d e n s i ty  
fu n c t io n  ψ  c o n s is te n t  w i th  e x p e r im e n ta l  o b s e rv a t io n .  The a n a ly s is  was 
base d  on the a s s u m p t io n ,  the e f f lu e n t  is  n o n - r e a c t in g ,  and the d i f fu s io n  p ro c e s s  
is  M a r k o v  p ro c e s s .  In  the p h o to c h e m ic a l  sm og, the above a s s u m p t io n  m a y  
no lo n g e r  be t r u e .  I t  is  thus  n e c e s s a ry  to  f u r t h e r  w o r k  to w a rd  the s o lu t io n  
o f  t h is  m o re  c o m p l ic a te d  p r o b le m .
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V I .  P ro p o s e d  W o rk
W ith  the p re s e n t  s ta te  o f the m o d e l ,  th e re  a re  som e p ro b le m s  
th a t  m u s t  be c o n s id e re d .  T h e  w o r k  so f a r  has c o n c e n tra te d  on a 
s im p le  p u f f  o f  p o l lu ta n ts .  T h e re  is  no c o n s id e ra t io n  o f  the in te r a c t io n  
be tw een  tw o  o r  m o r e  than  tw o  p u f fs .  S t r i c t l y  spea k ing ,  th is  is  n o t  
w h a t  is  o c c u r r in g  in  r e a l i t y .
A s  an in d iv id u a l  p u f f  t r a v e ls  and expands, th e re  m u s t  be 
c e r ta in  in te r a c t io n  be tw een  these  p u f fs .  A ls o  the m o d e l  is  l im i t e d  to  
the  case  when a p u f f  is  re le a s e d  in to  c le a n  a i r .  I t  i s  thus  n a tu r a l  
to  c o n s id e r  the p r o b le m  th a t  a p u f f  expands and takes  up p o l lu ta n ts  a long  
the  w a y  as i t  t r a v e ls  in to  the a tm o s p h e re .
T he  d e r iv a t io n  o f  ψ  in  C h a p te r  V  r e s u l t s  i n  the f o r m  p r o ­
posed  by G i f fo r d  (1957), bu t e x p e r im e n ts  have show n th a t  ψ  in  G a u ss ia n  
f o r m  is  n o t  c o r r e c t .  T he  u n c e r ta in ty  in  ψ  is  l i k e l y  to  be the r e s u l t s  
o f  the a tm o s p h e r ic  d is p e rs io n ,  w h ic h  is  n o t  a M a r k o v  p ro c e s s .  P h y s ic a l  
r e a l i t i e s  a re  m o re  c o m p l ic a te d  th a n  th a t  a s s u m e d  in  C h a p te r  V ,  f o r  
e x a m p le ,  d i f fu s io n  in  the x , y  and z d i r e c t io n  was a s s u m e d  to  be 
in depe nden t.
U s u a l ly ,  som e p r a c t i c a l  p r o b le m s  can be s o lv e d  o n ly  by e x p e r i ­
m e n ta l  m e th o d s .  The d is p e r s io n  of c h e m ic a l ly  r e a c t iv e  c o n ta m in a n ts  
in  the a tm o s p h e re  o v e r  a c o m p l ic a te d  t e r r a i n  is  one w h ic h  needs 
e x p e r im e n ta l  s tudy ,  p o s s ib ly  by w in d - tu n n e l  m o d e l  e x p e r im e n ts .  H o w ­
e v e r ,  a w in d - tu n n e l  m o d e l  o f  sm oke  d i f fu s io n  is  by  no m eans  an e s ta b l is h e d  
and r e l i a b le  te c h n iq u e  fo r  a p p l ic a t io n  to  a tm o s p h e r ic  p ro c e s s e s .  On 
the o th e r  hand, the  te c h n iq u e  o f  n u m e r ic a l  s o lu t io n  o f  the fu n d a m e n ta l  
d i f f e r e n t ia l  eq u a t io n  w h ic h  d e s c r ib e s  the phenom ena  has m ade  g re a t  
p r o g r e s s  r e c e n t ly  (H I NO , 1968). T h is  te c h n iq u e  m a y  be c o n s id e re d  a
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n u m e r i c a l  e x p e r im e n t  i f  we have f u l l  know le dge  o f  the d i f f e r e n t ia l  
equ a tions  th a t  d e s c r ib e  the p ro c e s s .  H o w e v e r ,  i f  the d i f f e r e n t ia l  
equa tions  and a p p ro p r ia te  b o u n d a ry  c o n d it io n s  do n o t  f u l l y  d e s c r ib e  
the a tm o s p h e r ic  p ro c e s s e s ,  then  the n u m e r ic a l  e x p e r im e n t  m a y  be no 
b e t te r  th a n  an a n a lo g y  to  the w in d - tu n n e l  e x p e r im e n ts .
M o s t  o f  the l i q u id  and s o l id  p a r t i c le s  in  a u to m o b i le  e m is s io n  
a re  s u b m ic r o s c o p ic .  One o f  the m o s t  s e r io u s  a s p e c ts  o f  p h o to c h e m ic a l  
sm og  is  the g e n e ra t io n  and in c re a s in g  c o n c e n t ra t io n  of these  e x t r e m e ly  
s m a l l  p a r t i c le s .  T hese  p a r t i c le s  s e rv e  as c o n d e n s a t io n  n u c le i  w h ic h  
m a y  a b s o rb  p o l lu ta n ts .  T h e y  m a y  a c t  as c a r r i e r s  f o r  o th e r  p o l lu ta n ts  
and p ro d u c e  s e r io u s  a d v e rs e  e f fe c ts  to  h u m a n  b e in g s .
In  s u m m a ry ,  I  p ro p o s e  to  in v e s t ig a te :
1. the  e f fe c t  o f  in te r a c t io n  be tw een  p o l lu ta n t  c lo u d s  f r o m  in d iv id u a l  
s o u rc e s ;
2. the  p r o b a b i l i t y  d e n s i ty  fu n c t io n  ψ  ;
3. the n u m e r ic a l  s o lu t io n  o f  the F ic k ia n  d i f fu s io n  eq u a t io n  w i th  
c h e m ic a l  re a c t io n s ;
4. m e th o d s  f o r  the c o m b in a t io n  o f the m o d e l  f o r  p h o to c h e m ic a l  sm og 
r e a c t io n s  deve lop ed  in  th is  r e p o r t  w i th  the  th e o r ie s  and e x p e r im e n ta l  
w o r k  on the p a r t i c le  s ize  d is t r ib u t io n ;
5. a m a th e m a t ic a l  m o d e l  o f  p h o to c h e m ic a l  sm og  o f  L o s  A n g e le s  b a s in  
(c o m b in in g  the  r e s u l t s  o f (1 )- (4 )  and u s in g  a m o re  s o p h is t ic a te d  
c h e m ic a l  k in e t i c  m o d e l ,  i f  a v a i la b le ) .
The s ta r t in g  p o in t  o f  (1) a ssum es  each c lo u d  is  a v a r ia b le  v o lu m e  
c o n t in u o u s ly  s t i r r e d  ta n k  r e a c to r  (V V C S T R ).  W hen tw o  c lo u d s  m e e t  
to g e th e r  th e y  a re  c o n s id e re d  c o m p le te ly  m ix e d  and f o r m  a n o th e r  V V C S T R .
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The m a s s  ba la n ce  f o r  each V V C S T R  is
w h e re
S u b s c r ip t  m ,  n , m n  r e f e r  to  r e a c to r  m ,  n , m n , r e s p e c t iv e ly .  One 
can e x p e c t  th a t  th is  k in d  of m o d e l  can be ex tended  to  m a n y  in te r a c t in g  
c lo u d s .
The a p p ro a c h  to  p r o b le m  (2) by u s in g  the fu n d a m e n ta l  th e o r ie s  
o f s to c h a s t ic  p ro c e s s  a re  no t v e r y  p r o m is in g .  A  m o re  p r a c t i c a l  a p p ro a c h  
w o u ld  e m p lo y  s e m ie m p i r i c a l  f o r m s  of the s p a t ia l  c o n c e n t ra t io n  d i s t r i ­
b u t io n  o f the e f f lu e n t  dow nw ind  f r o m  a s o u rc e .  F o r  e xa m p le ,  the c o n c e n t ra t io n  
o f an i n e r t  m a t e r i a l  e m i t te d  a t a ra te  Q f r o m  a c on t in uous  p o in t  so u rc e  
a t  a h e ig h t  h  is  g ive n  by (P A N O F S K Y , 1969):
The above e x p re s s io n  has been used  in  a tm o s p h e r ic  d i f f u s io n  p r e d ic t io n s  
by G i f fo r d  (1968).
T he  p r o b le m  (3) can  be a p p ro a c h e d  in  id e a l iz e d  cases  so th a t  
the d i f f e r e n t ia l  equ a tions  p r o p e r l y  d e s c r ib e  the phenom ena . The s o lu t io n  
o f p r o b le m  (3) w i l l  e m p lo y  a n u m e r ic a l  m e th o d .
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T h e re  is  n ow  e x p e r im e n ta l  e v id e n ce  w h ic h  in d ic a te s  th a t  h igh  
c o n c e n t ra t io n  o f  v e r y  s m a l l  p a r t i c le s  a re  fo r m e d  in  the  Los  A n g e le s  
a tm o s p h e re  (p e rs o n a l  c o m m u n ic a t io n  be tw een  S. K .  F R IE D L A N D E R  and 
K .  T .  W H IT B Y ) .  T h is  c o n c lu s io n  is  c o n s is te n t  w i th  the e x p e r im e n ta l  
r e s u l t  o f  L e e  and P a t te r s o n  (1969), w h ic h  in d ic a te s  th a t  the c o n c e n t r a ­
t io n  o f  n i t r a t e s ,  f o r m e d  as a r e s u l t  o f a tm o s p h e r ic  c h e m ic a l  re a c t io n ,  
is  h ig h  in  the  s m a l l  p a r t i c le  p o r t io n  o f  the  s p e c t ru m .
T he  f i r s t  s tep o f a p p ro a c h in g  p r o b le m  (4) w i l l  be the  d e te r m in a ­
t io n  o f  the r a te  o f  f o r m a t io n  o f  these  s m a l l  p a r t i c le s .  B y  a s s u m in g  the 
r a te  o f f o r m a t io n  o f  a e r o s o l  by  p h o to c h e m ic a l  r e a c t io n  is  p r o p o r t io n a l  
to  som e fu n c t io n  f ,
then
w h e re is  r a te  o f f o r m a t io n  o f  a e ro s o ls ,  f  is  a fu n c t io n  o f  the c o n ­
c e n t ra t io n s  o f  c h e m ic a l  spec ies  w h ic h  in v o lv e s  the p h o to c h e m ic a l  r e a c t io n s  
and K  is  a c o n s ta n t  to  be d e te rm in e d  f r o m  e x p e r im e n ta l  r e s u l t s .
W ith  a know n  e x a m p le  o f  the w in d  f i e l d  and m e te o r o lo g ic a l  c o n ­
d i t io n  o f L o s  A n g e le s  b a s in  and the c o m b in a t io n  o f  the r e s u l t s  o f  the 
p ro p o s e d  r e s e a r c h  to p ic s  (1) -  (4) one shou ld  be ab le  to  f o r m u la te  a 
m a th e m a t ic a l  m o d e l  o f p h o to c h e m ic a l  sm og o f L o s  A n g e le s  b a s in .  I t  
w i l l  thus  have a p p l ic a t io n  to  such  p ro b le m s  as d e te r m in in g  the  deg re e  
to  w h ic h  each  so u rc e  c o n t r ib u te s  to  the o v e r - a l l  p o l lu t io n  p r o b le m ,  and 
fo re c a s t in g  a i r  p o l lu t io n  le v e ls .
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Figure 4 -  Concentration Changes During Photooxidation. (TUESDAY, 1961)
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F ig .  5 .  L u m p e d -p a ra m e te r  re a c t io n  schem e
(n u m b e r  in  p a re n th e s is  in d ic a te s  r e a c t io n  n u m b e r)
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F ig .  6 . S ke tch  o f the  pa th  o f a p o in t  w h ic h  
m o ve s  w i th  the m e a n  v e lo c i t y  o f a 
p a r t i c le  re le a s e d  f r o m  a s o u rc e  
(B a tc h e lo r ,  1964)
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T A B L E  I .
M o to r  V e h ic le  E m is s io n  S ta n d a rd s ,  
C a l i f o r n ia  State D e p a r tm e n t  o f  P u b l ic  H e a lth
S ou rce E n g in e  s ize
( c u b e - in c h  
d is p la c e m e n t)
S tand a rd s
E x h a u s t  h y d ro c a rb o n s <50 —
50-100 410 p p m  by  v o lu m e
101-140 350
>140 275
E x h a u s t  c a rb o n  m o n o x id e <50 —
50-100 2 . 3%
101-140 2 .0%
> 140 1.5%
E x h a u s t  ox ides  o f  n i t r o g e n A l l  v e h ic le s 350 p p m  by  v o lu m e
C ra n k  case e m is s io n A l l  v e h ic le s 0 .1%  s u p p l ie d  fu e l
C a r b u r e to r  e m is s io n A l l  v e h ic le s 2 g ra m s  p e r  soak
F u e l - t a n k  e m is s io n A l l  v e h ic le s 6 g ra m s  p e r  day
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T A B L E  I I .
C o m p a r is o n  o f  the  R e a c t io n  Ra te  C o n s ta n ts  o f  the 
U l t r a s im p l i f i e d  M o d e l  and the  C o m p a c t  C h e m ic a l  R e a c t io n  Schem e
U l t r a s im p l i f i e d  M o d e l C o m p a c t  C h e m ic a l  R e a c t io n  
Schem e, R H  = C4H 8
α  0 .1  p p m -2 m in -1 0. 145
λ 0 .0 2  ppm-2 min-1 0. 0184
θ   1 .8 3  x  10-3 ppm-1 min-1 1 . 5 x 10- 4
μ
2 .4 5  x  10-4  m in -1 1 . 98 x 10 -3
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T A B L E  I I I .
D A T A  ON D IF F U S IO N  IN  N E U T R A L  C O N D IT IO N
C o n tinuo us  P o in t  S ou rces
E x p e r im e n t x  (ft) m  in  c α  xm
D a v a r  1961 1 .5 - 1 .2 0
4. 5 - 1 .4 7
M a lh o t r a  1962 4. 5 - 1 .4 7
W ie g h a rd t  1948 1 .03 - 1 .4 2
P o r to n  (P a s q u i l ,  1962) 1640 - 1 .7 6
P r a i r i e  G ra s s  
( C r a m e r  1957)
1976 - 1 . 8
C o n t inuo us  L in e  S ou rce
P o r to n  (P a s q u i l ,  1962) 1640 - 0 . 9 - 1 . 0
M a lh o t r a  1962 4. 5 -  0 .8
P o r e h  1962 7. 5 -  0 .9
W ie g h a rd t 1 .23 -  0 .9
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N o m e n c la tu r e
R o m a n  L e t t e r s
A j d im e n s io n le s s  c o n s ta n t  d e f in e d  in  Eq . 76
B j d e f in e d  in  Eq . 87
a d im e n s io n le s s  c o n s ta n t  d e f in e d  in  Eq . 77
b u n iv e r s a l  c o n s ta n t  d e f in e d  in  Eq . 35
C a c o n s ta n t  d e f in e d  in  Eq . 38
c i in s ta n ta n e o u s  c o n c e n t ra t io n  o f spec ies  i
c 'i f lu c tu a t in g  c o n c e n t ra t io n  o f sp e c ie s  i
Cp s p e c i f ic  hea t a t  c o n s ta n t  p r e s s u r e
D i m o le c u la r  d i f f u s i v i t y  f o r  spec ies  i
f i  ( ηx,  ηy,  ηz , t ) d im e n s io n le s s  r e a c t io n  ra te  d e f in e d  in  Eq . 63
H in v e r s io n  h e ig h t
h s o u rc e  h e ig h t
k von  K a r m a n  c o n s ta n t
K z ( j  = x ,  y ,  z) eddy  d i f f u s iv i t i e s  o f m a t e r i a l  d e f in e d  in  Eq . 4
k i r e a c t io n  ra te  c o n s ta n t
L M o n in -O b u k h o v  le n g th  d e f in e d  i n  Eq . 28
1 P r a n e t l ' s  m ix in g  le n g th
M t h i r d  body
N S d im e n s io n le s s  g ro u p  d e f in e d  in  E q . 110
n n u m b e r  o f  c h e m ic a l  spec ies
n i e f fe c t iv e  c o n c e n t ra t io n  o f  c o m p o n e n t  i  , d e f in e d  in  Eq . 118
d im e n s io n le s s  fu n c t io n  d e f in e d  in  Eq . 65
d im e n s io n le s s  v e lo c i t y  d e f in e d  in  Eq . 64
a v e ra g e  c o n c e n t ra t io n  o f  spec ies  i
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R o m a n  L e t t e r s
Qi
m o le s  o f  spec ies  i  in  c lo ud
q hea t f lu x  in  z - d i r e c t io n
r i r e a c t io n  ra te  o f spec ies  i
S e f fe c t iv e  a re a  c o v e re d  by  the  c lo u d
t t im e
T a v e ra g e  a b s o lu te  te m p e ra tu r e
V i (x) m a s s  o f  sp e c ie s  i  c r o s s in g  the p lane  a t  x
u * f r i c t i o n  v e lo c i t y
W i(x ) m a s s  o f sp e c ie s  i  p e r  u n i t  t im e  c r o s s in g  p lane  a t  x
x ,  y ,  z c o o rd in a te  p o s i t io n  in  a tm o s p h e r ic  s u r fa c e  la y e r
G re e k  L e t t e r s
w in d  v e lo c i t y  v e c to r
f lu c tu a t in g  v e lo c i t y  v e c to r
a v e ra g e  r e a c t io n  ra te  o f  spec ies  i
v e lo c i t y  v e c to r  r e la t i v e  to  c lo u d  c e n te r
c o o rd in a te  o f  the a ve ra g e  p o s i t io n  o f the p a r t i c le  in  
the a tm o s p h e r ic  s u r fa c e  la y e r
α p a r a m e te r  d e f in e d  in  Eq . 16
α i j o r d e r  o f  r e a c t io n  o f  spec ies  j  in  i  th  c h e m ic a l  r e a c t io n
ε n u m b e r  o f r a d ic a ls  g e n e ra te d  p e r  r a d ic a l  consu m e d
nx ,  ny,  nz d im e n s io n le s s  c o o rd in a te s  d e f in e d  in  Eq . 59
θ p a r a m e te r  d e f in e d  in  Eq . 18
Λ d e f in e d  in  E q . 84
λ p a r a m e te r  d e f in e d  in  Eq . 17
µ p a r a m e te r  d e f in e d  in  Eq . 19
ρ a i r  d e n s i ty
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σ
Q Bo/ QAo
τ c h a r a c t e r i s t i c  t im e
τ o s h e a r in g  s t re s s  a t w a l l
ϕ u n iv e r s a l  fu n c t io n  d e f in e d  in  Eq . (28a)
Ф q u a n tu m  y ie ld
Ψ p r o b a b i l i t y  d e n s i ty  fu n c t io n
S uper s c r ip t
- a v e ra g e  va lue
o g roun d  le v e l  c o n c e n t ra t io n
S u b s c r ip t
c ls co n t in u o u s  l in e  s o u rce
cps co n t in u o u s  p o in t  so u rc e
ips in s ta n ta n e o u s  p o in t  so u rc e
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P R O P O S IT IO N
The S e l f - P r e s e r v in g  P a r t i c l e  S ize 
D is t r ib u t i o n  f o r  C o a g u la t io n  by  B ro w n ia n  M o t i o n - -
S m o lu c h o w s k i C o a g u la t io n  and S im u lta n e o u s  
M a x w e l l ia n  C o nden sa t ion
83
A B S T R A C T
A  t h e o r e t ic a l  s tudy  has been m ade  o f  the d y n a m ic s  o f  c o a g u la t io n  
w i th  s im u l ta n e o u s  c o n d e n s a t io n  and o f  the b e h a v io r  o f  the p a r t i c le  s ize  
d i s t r ib u t io n  fu n c t io n .  F o r  c o a g u la t io n  and co n d e n s a t io n  in  the c o n t in u u m  
r e g io n  the e x is te n c e  o f  s e l f - p r e s e r v in g  s p e c t r a - - a s  d e f in e d  in  the p a p e rs  
o f  F r ie d la n d e r  and W ang (1966), Wang and F r ie d la n d e r  (19 6 7 )- -d e p e n d s
on a n o n d im e n s io n a l  p a r a m e te r w h e re
µ and T  a re  v is c o s i t y  and te m p e ra tu r e  o f  the  m e d iu m ,  k  is  the 
B o l t z m a n n 's  c o n s ta n t ,  ∅ the  t o ta l  v o lu m e  c o n c e n t ra t io n ,  N the to ta l  
n u m b e r  c o n c e n t ra t io n  o f  p a r t i c le s ,  B the p r o p o r t io n a l i t y  c o e f f ic ie n t  in  
the e q u a t io n  f o r  con d e n sa t io n  ra te  and S the s a tu ra t io n  r a t i o .  F o r  
C = 0 phase  e q u i l i b r i u m  e x is ts  w h i le  f o r  C > 0 s im u l ta n e o u s  co nd ensa ­
t io n  and c o a g u la t io n  o c c u r .  F o r  C = 1 .0 9  the to ta l  s u r fa c e  c o n c e n t ra t io n  
(s u r fa c e  a re a  o f p a r t i c le s  p e r  u n i t  v o lu m e  o f gas) is  in v a r ia n t  w i th  re s p e c t  
to  t im e .  F o r  o th e r  v a lu e s  o f C s a tu ra t io n  r a t i o  m u s t  v a r y  w i th  t im e  
in  a p a r t i c u l a r  way in  o r d e r  f o r  the s y s te m  to  be s e l f - p r e s e r v in g .  The 
shape o f  the s e l f - p r e s e r v in g  s p e c t ra  a re  s t r o n g ly  dependent on C. 
A n a ly t i c a l  s o lu t io n s  o f  the t r a n s fo r m e d  k in e t ic  e qu a t ion  have been found  
fo r  the  lo w e r  and u p p e r  end o f the s p e c t ru m  and n u m e r ic a l  s o lu t io n s  fo r  
the e n t i r e  s p e c t r u m  have  been c a lc u la te d  fo r  fo u r  v a lu e s  o f  C. The 
th e o r y  is  l im i t e d  to  v a lu e s  o f C s m a l le r  than  o f o r d e r  u n i ty .  Good 
a g re e m e n t  w i th  e x p e r im e n ts  is  found a p p ly in g  d eve lop ed  th e o ry  to  the 
c a lc u la t io n  o f  the p o ly d is p e r s i t y  f a c to r .
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I . E Q U A T IO N  O F  C O A G U L A T IO N  A N D  C O N D E N S A T IO N
The  e x is t in g  th e o r y  o f  s e l f - p r e s e r v in g  s iz e  s p e c t ra  as deve lop ed  
in  the p re v io u s  tw o  p a p e rs  by F R IE D L A N D E R  and W A N G  (1966, 1967) 
does n o t  take  in to  a c c o u n t  v a p o r  con d e n sa t io n  on the p a r t i c le s ,  a 
p ro c e s s  w h ic h  f re q u e n t ly  o c c u rs  in  a e r o s o l  s y s te m s .  The b a s ic  k in e t ic  
eq u a t io n  d e s c r ib in g  s im u l ta n e o u s  c o a g u la t io n  and co n d e n s a t io n  in  a 
hom ogeneous  s y s te m  ( p a r t i c le  c o n c e n t ra t io n  in depe nden t o f p o s i t io n )  can 
be w r i t t e n  as fo l lo w s  L E V IN  and S E D U N O V (1967):
(1)
w h e re  n ( v ,  t )  is  the p a r t i c l e  v o lu m e  d is t r ib u t io n  fu n c t io n ,  ν  the
p a r t i c le  v o lu m e ,  t  the  t im e , the ra te  o f  c o n d e n sa t io n
and the c o l l i s io n  p a r a m e te r  (a ls o  r e f e r r e d  to  as c o l l i s io n
f re q u e n c y  fa c to r  o r  c o a g u la t io n  cons tan t)  f o r  p a r t i c le s  o f  v o lu m e s  ν
and . In  th is  f o rm u la t io n ,  p a r t i c le s  a re  n e i th e r  lo s t  n o r  ga ined  
by e v a p o ra t io n  o r  co n d e n s a t io n  w h ic h  m e a n s ,  f o r  e x a m p le ,  th a t  h o m o ­
geneous n u c le a t io n  is  no t ta k in g  p la c e  in  the case of co n d e n sa t io n .  A
ju s t i f i c a t i o n  f o r  th is  a s s u m p t io n  is  g iv e n  la t e r .  F o r  I ( v ,  t )  =  0 
e qu a t ion  (1) re d u c e s  to  the w e l l - k n o w n  S m o lu c h o w s k i e q u a t io n  d e s c r ib in g  
c o a g u la t io n  in  a p o ly d is p e r s e  s y s te m .  The  p h y s ic a l  in te r p r e ta t io n  o f 
the t e r m s  on the  r i g h t  s ide o f equ a tion  (1) has been g iv e n  by a n u m b e r  
o f  a u th o rs  (H IDY and B R O C K , 1970; H U L B U R T  and K A T Z ,  1964; 
Z E B E L  ,1966  ).
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T w o  im p o r t a n t  m o m e n ts  o f  n ( v ,  
t )  a re  the t o ta l  n u m b e r
o f  c o n c e n t ra t io n  N (t )  g iv e n  by
(2)
and the  t o ta l  v o lu m e  c o n c e n t ra t io n  ϕ (t)  
g iv e n  by
(3)
In te g ra t in g  eq u a t io n  (1) w i th  r e s p e c t  to  ν  f r o m  0 to  ∞  g ives  
(see A p p e n d ix  I)
(4)
D e f in in g  the c o l l i s io n  p a r a m e te r  o f  a p o ly d is p e r s e  s y s te m  by
(5)
w h e re is  the n o r m a l i z e d  v o lu m e  d is t r ib u t io n
fu n c t io n ,  e q u a t io n  (4) becom es
(6)
S im i l a r l y ,  m u l t ip l y in g  (1) by v  and in te g ra t in g  w i th  r e s p e c t  to  v 
f r o m  0 to  ∞  g ives  (see A p p e n d ix  I I )
(7)
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F r o m  (7) i t  f o l lo w s  th a t  i f  I ( v ,  t )  =  0 , ∅  is  in v a r ia n t  w i th  r e s p e c t
to  t im e .
T he  case  o f  S m o lu c h o w s k i c o a g u la t io n ,  th a t  is ,  d i f f u s io n  c o n t r o l le d  
c o a g u la t io n  o f  p a r t i c le s  m u c h  la r g e r  th a n  the  m e a n  f r e e  p a th  of the 
gas m o le c u le s  is  a c la s s ic a l  p r o b le m  in  c o a g u la t io n  th e o ry  w i th  m a n y  
im p o r t a n t  a p p l ic a t io n s .  T he  p a r t ic le s  a re  a s s u m e d  to  be s p h e r ic a l
and e le c t r i c a l l y  n e u t r a l .  T he  c o l l i s io n  p a r a m e te r is
g iv e n  by S M O L U C H O W S K I (1916)
(8)
is  a hom ogeneous fu n c t io n  o f  z e ro  o r d e r  c o n s is te n t  w i th  the  r e q u i r e ­
m e n t  f o r  s e l f - p r e s e r v in g  s p e c t ra  d is c u s s e d  in  p a p e rs  by  F R IE D L A N D E R  
and W A N G  (1967). The  ra te  o f  c o n d e n sa t io n  fo r  n e g l ig ib ly  s m a l l  
K nudsen  n u m b e rs  is  g iv e n  by the M a x w e l l  eq u a t io n  (F U C H S , 1959) w h ic h ,  
i f  the e f fe c ts  of la te n t  h ea t a re  ta ke n  in to  a c c o u n t  (see A p p e n d ix  I I I ) ,
becom es
where (9)
and is  the s a tu ra t io n  r a t io ,  Pv the  a c tu a l  p r e s s u r e  o f
the  v a p o r ,  Ps the s a tu ra t io n  v a p o r  p r e s s u r e ,  L  the la te n t  hea t,
M  the m o le c u la r  w e ig h t  o f the v a p o r ,  ρ  the d e n s i ty  o f  the  l iq u id ,
K  the t h e r m a l  c o n d u c t iv i t y  o f  the  m e d iu m ,  T  the a b s o lu te  t e m p e ra tu r e  
o f t h e  m e d iu m ,  R th e  g a s  c o n s ta n t  and D the d i f fu s io n  c o e f f ic ie n t  
o f  the  v a p o r .  The  c o n d e n sa t io n  ra te  is  i m p l i c i t l y  a fu n c t io n  of t im e  
because  the s a tu ra t io n  r a t i o  m a y  v a r y  w i th  t im e .
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We n ow  in t r o d u c e  the s i m i l a r i t y  t r a n s fo r m a t io n  o f  F R IE D L A N D E R  
(1960a, 1960b, 1961, 1962) and S W IF T  and F R IE D L A N D E R  (1964):
(10)
U n l ik e  the  p r o b le m s  t re a te d  in  the  p re v io u s  p a p e rs  by  F R IE D L A N D E R  
and W A N G  (1966, 1967), v o lu m e  c o n c e n t ra t io n  0 is  a fu n c t io n  o f  t im e  
as a r e s u l t  o f the  c o n d e n s a t io n  p ro c e s s .
S ince is  a m e a n  p a r t i c le  v o lu m e ,  the new
in depe nden t v a r ia b le can be w r i t t e n and
can be in te r p r e te d  as a d im e n s io n le s s  d i s t r ib u t io n  fu n c t io n .  I t  i s  c a l le d  
" s e l f - p r e s e r v in g "  s in ce  i t s  shape does no t change w i th  t im e  w hen 
is  re p re s e n te d  as a fu n c t io n  o f . I t  can  be show n ( F R IE D L A N D E R  
and W A N G ,  1966) in  c e r ta in  cases th a t  the  s e l f - p r e s e r v in g  d i s t r ib u t io n  
is  the a s y m p to t ic  d i s t r ib u t io n  a t ta in e d  in  a c o a g u la t in g  s y s te m  a f te r  a 
s u f f i c ie n t l y  long  t im e .  The  n u m e r ic a l  e x p e r im e n ts  o f  H ID Y  (196 5) a ls o  
s u p p o r t  th is  h y p o th e s is .  A  g e n e ra l  p r o o f  does n o t  e x is t  h o w e v e r .
S u b s t i tu t io n  e q u a t io n  (10) in  e q u a t ion  (1) w i th  equ a tions  (8) and 
(9) f o r and , the r e s u l t  a f t e r  som e m a n ip u ­
la t io n  is :
(11)
w h e re
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and
A n  e q u iv a le n t  e x p re s s io n  was f i r s t  g iv e n  by  W A N G  (1966).
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I I . C R IT E R IA  F O R  S E L F -P R E S E R V IN G  S P E C T R A
W hen the  d im e n s io n le s s  g ro u p
(12)
is  co n s ta n t ,  eq u a t io n  (11) is  an o r d in a r y  i n t e g r o - d i f f e r e n t ia l  eq u a t io n  
c o n s is te n t  w i th  the  o r ig i n a l  a s s u m p t io n  th a t  ψ  is  a fu n c t io n  on ly  
of η . The  d im e n s io n le s s  g ro u p  C w h ic h  a p p e a rs  in  (11) can
be r e w r i t t e n  as fo l lo w s :
(13)
The  n u m e r a to r  is  the  f r a c t io n a l  ra te  o f change in  the v o lu m e  o f  a 
p a r t i c le  o f a v e ra g e  s ize  due to  co n d e n sa t io n .  The  d e n o m in a to r  is  the 
n e g a t iv e  o f  the  f r a c t io n a l  r a te  o f  change in  the n u m b e r  of p a r t i c le s  
r e s u l t in g  f r o m  c o a g u la t io n .  H ence , C can be in te r p r e te d  as a 
m e a s u re  o f the r e la t i v e  ra te s  o f con d e n sa t io n  and c o a g u la t io n .  W hen 
C is  s m a l l ,  the co n d e n s a t io n  p ro c e s s  p ro c e e d s  s lo w ly  c o m p a re d  w i th  
the  c o a g u la t io n  p ro c e s s .  The v a r ia t io n  w i th  t im e  o f the t o ta l  n u m b e r ,  
v o lu m e  and s u r fa c e  c o n c e n tra t io n s  can now  be o b ta in e d . U s in g  (8) 
and (10) e q u a t ion  (5) g ives
(14)
U s in g  (14) the s o lu t io n  o f (6) becom es
(15)
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w h e re
F r o m  (7) u s in g  (9), (10) and (12)
(16)
I n te g ra t io n  o f  (16) w i th  the a id  o f  (15) g ives
(17)
w h e re and
I n s e r t in g  (15) and (17) in to  (12) and suppos ing  co n s ta n t  t e m p e ra tu r e  
g ives  an e x p re s s io n  f o r  the t im e  dependence o f  the s a tu ra t io n  r a t i o  
d u r in g  the c o n d e n s a t io n -c o a g u la t io n  p ro c e s s :
(18)
The s a tu ra t io n  r a t i o  m u s t  v a r y  in  th is  w ay in  o r d e r  f o r  s e l f ­
p r e s e r v in g  s p e c t ra  to  e x is t .  The a c tu a l  t im e  dependence o f  the s a tu ra t io n  
r a t i o  depends on the  b e h a v io r  o f the s o u rc e s  and s in ks  o f the s a tu ra te d  
v a p o r  to  w h ic h  the a e r o s o l  is  exposed.
The to ta l  s u r fa c e  a re a  of p a r t i c le s  p e r  u n i t  v o lu m e  o r  s u r fa c e  
c o n c e n t ra t io n  σ ( t )  is  g iv e n  by
(19)
U s in g  (10) e q u a t io n  (19) becom es
(20)
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w h e re
(21)
I n s e r t in g  (15) and (17) in to  (2 0 ) g ives
(22)
w h e re is  the  i n i t i a l  va lu e  o f  the  to ta l
s u r fa c e  c o n c e n t ra t io n .
T h e  va lue  o f K  is  o f  g re a t  im p o r ta n c e  in  d e te r m in in g  the 
b e h a v io r  o f  a c o a g u la t in g  s y s te m  w i th  s im u l ta n e o u s  c o n d e n sa t io n .  F o u r  
d i f f e r e n t  cases  can be d is t in g u is h e d :
(1) When K  = 0, C = 0 and no co n d e n s a t io n  o c c u rs  s in c e  the s y s te m
is  in  a s ta te  o f  phase e q u i l ib r iu m .  B y  (17) ϕ  =  ϕ o , by  (18) S = 1
and by (22) σ  d e c re a s e s  w i th  t im e  as expe c ted  in  the case o f  the 
c o a g u la t io n  o f l i q u id  p a r t i c le s .  E q u a t io n  (11) re d u c e s  to  the p r o b le m  
t re a te d  by F R IE D L A N D E R  and W AN G  (1966).
(2) W hen K  = 1, and (18) r e q u i r e s  th a t  the s a tu ra t io n  
r a t i o n  be c o n s ta n t .  I f  the t e m p e ra tu r e  is  c o n s ta n t  a l l  e x te r n a l  p a r a m e te r s  
( T ,  S ,  μ )  m u s t  be c o n s ta n t .  B y  (17) ϕ  m u s t  in c re a s e  in  the 
fo l lo w in g  w ay:
(23)
F r o m  (18) the c o n d i t io n  o f  s e l f - p r e s e r v in g  s p e c t ra  in  the case o f 
c o n s ta n t  s a tu ra t io n  r a t i o  is
(24)
B y  (22) σ  = σ o  w h ic h  m eans  th a t  the s u r fa c e  c o n c e n t ra t io n  is
c o n s ta n t .  The  d e c re a s e  o f  s u r fa c e  a re a  due to  c o a g u la t io n  is ,  in  
t h is  case , b a lance d  by the f o r m a t io n  of the new  s u r fa c e  due to  v a p o r
92
c o n d e n s a t io n .
(3) F o r  0 < K  < 1, 0  <  C  < and f r o m  (18) S > 1
as expec ted  f o r  c o n d e n sa t io n .  The v o lu m e  c o n c e n t ra t io n  ∅ in c re a s e s  
a c c o rd in g  to  (17) and the s a tu ra t io n  r a t io  S d e c re a s e s  a c c o rd in g  to 
(18) as w ou ld  be expec ted  fo r  a c lo s e d  s y s te m .  B y  (22) the s u r fa c e  
c o n c e n t ra t io n  σ  d e c re a s e s ,  in d ic a t in g  th a t  in  th is  case c o a g u la t io n  
c o n t r o ls .
(4) F o r  K  > 1, C > and ∅ in c re a s e s  a c c o rd in g  to 
(17). B y  (18) S m u s t  in c re a s e  w i th  t im e  in  th is  case in  o r d e r  fo r  
the s y s te m  to  be s e l f - p r e s e r v in g .  B y  (22) s u r fa c e  c o n c e n t ra t io n  is  
in c re a s in g  w i th  t im e ,  in d ic a t in g  tha t  in  th is  case con d e n sa t io n  c o n t r o ls .  
L im i t a t i o n  on v a lues  o f C w i l l  be d is c u s s e d  la t e r .
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I I I . R E L A T IO N S H IP S  A M O N G  T H E  M O M E N T S
I t  is  co n v e n ie n t  to  use the fo l lo w in g  n o ta t io n  fo r  the m o m e n ts  of 
p a r t i c le  s ize  d i s t r ib u t io n  fu n c t io n
(25)
S e v e ra l  u s e fu l  r e la t io n s h ip s  e x is t  am ong  the m o m e n ts .  F o r  exa m p le
(26)
w h e re  r  is  the ra d iu s  o f  the p a r t i c le ,  f r  ( r )  the n o r m a l i z e d
n u m b e r - d is t r ib u t io n  fu n c t io n ,  r 3,  the cube m e a n  ra d iu s  and r H the
h a r m o n ic  m e a n  r a d iu s .  S im i l a r l y
(27)
w h e re  r 1 is  the a r i t h m e t i c  m e a n  r a d iu s ,  and
w h e re  r 22 = is  the m e a n  squa re  ra d iu s .  A c c o rd in g
(28)
to  H E R D A N  ( 1960)
(29)
U s in g  (29) i t  can be conc luded  th a t
(30)
F o r  a m o n o d is p e rs e  s y s te m  a l l  m e a n  r a d i i  a re  equa l (r1  = r2  = r3  = 
r H ) and μ 1  =  μ 3  =  μ 4  = 1. T hu s  the d e v ia t io n s  o f  μ1, μ 3  and μ4 f r o m
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u n i t y  can s e rv e  as a m e a s u re  o f the p o ly d is p e r s i t y  o f  the s y s te m .  
T h is  r e s u l t  w i l l  be used  la t e r .  S u b s t i tu t io n  o f (10) in to  equ a t ions  (2) 
and (3) g ives
(31)
and
(32)
U s in g  (26) and (27) e qu a t ion  (14) becom es
(33)
F r o m  (33) i t  fo l lo w s  th a t  a know le dge  o f  r1  and r H o r  r 1 and 
is  s u f f i c ie n t  f o r  the d e te rm in a t io n  o f the c o l l i s io n  p a r a m e te r  f o r  a 
p o ly d is p e rs e  s y s te m  and the know ledge  o f  the w ho le  s p e c t ru m  is  n o t  
r e q u i r e d .  T h is  s ta te m e n t  f o r  a s e l f - p r e s e r v in g  s y s te m  in  the c o n t in u u m  
r e g io n  is  e q u iv a le n t  to  the c o n c lu s io n  o f T IK H O M IR O V  et a l  (1942).
F o r  a m o n o d is p e rs e  s y s te m  equa tion  (33) o r  (14) g iv e s ,  o f co u rs e ,
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IV. A N A L Y T I C A L  S O LU T IO N S  O F  T H E  T R A N S F O R M E D  K IN E T IC  E Q U A T IO N
E q u a t io n  (11) can a ls o  be w r i t t e n  as fo l lo w s
(34)
I t  does no t seem  p o s s ib le  to  o b ta in  a g e n e ra l  a n a ly t ic a l  s o lu t io n  o f 
th is  e q u a t ion ,  a l th o u g h  s o lu t io n s  fo r  the lo w e r  and the upp e r  end o f 
the s p e c t ru m  can be found u s in g  a m o d i f ie d  v e r s io n  o f  the m e th o d  of 
F R IE D L A N D E R  and W A N G  (1966). I t  i s  a s s u m e d  f i r s t  th a t  f o r  s u f f ic ie n t ly  
s m a l l  v a lu e s  of ζ  the in t e g r a l  t e r m  in  (34) can be n e g le c te d .  The 
s o lu t io n  o f  the r e s u l t in g  o r d in a r y  d i f f e r e n t ia l  e q u a t ion  is  g iv e n  by
(35)
w h e re
C 1 is  an in te g ra t io n  c o n s ta n t  and exponents  ϵ  and ω  a re  g iv e n  by
and
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F o r  η < η 1 , Eq . (35) can no lo n g e r  be a p p l ie d .  In s te a d ,  the
s o lu t io n  o f  Eq. (34) is  g iven  by
(35a)
w h e re  C 1' is  a n o th e r  c o n s ta n t  d i f f e r e n t  f r o m  C 1. The b o u n d a ry  
c o n d i t io n  Ψ(η ) = 0 at η  =  0  r e q u i r e s  th a t  C1' = 0, so ψ ( η) = 0 f o r
η  <  η 1 . T h is  m eans  th a t  the in t e g r a l  t e r m  in  (34) is  id e n t ic a l ly
z e ro  o v e r  the ra n g e  η  <  η 1  <  2 η1 so th a t  (35) re p re s e n ts  an e xa c t
s o lu t io n  to  (34) o v e r  th a t  ra n g e .
F o r  C = 0 (35) re d u c e s  to
(36)
w h ic h  is  the s o lu t io n  o f  F R IE D L A N D E R  and W AN G  (1966) f o r  
S m o lu c h o w s k i c o a g u la t io n .  F o r  the upp e r  end o f the s p e c t ru m ,  th a t  
is  f o r  η  →  ∞  e qu a t ion  (34) re d u c e s  to
(37)
A s o lu t io n  o f th is  eq u a t io n  is
(38)
w h e re  C 2 is  an in te g r a t io n  c o n s ta n t  and Γ  is  the  g a m m a  fu n c t io n .
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T he  a p p ro x im a t io n s  in  th is  d e r iv a t io n  a re  d is c u s s e d  by  F R IE D L A N D E R  
and W A N G  (1966) in  t h e i r  t r e a tm e n t  o f  the upp e r end o f  the s p e c t ru m .
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v . N U M E R IC A L  S O LU T IO N S  O F  T H E  T R A N S F O R M E D  K IN E T IC  E Q U A T IO N
E q u a t io n  (34) is  a n o n l in e a r  o r d in a r y  i n t e g r o - d i f f e r e n t ia l  equ a tion  
f o r  ψ ( η )  w h ic h  m u s t  be so lved  w i th  c e r ta in  c o n s t ra in ts  on the 
m o m e n ts  o f  ψ ( η ) , g ive n  by equ a t ions  (26), (27), (31) and (32).
F o r  the  case  o f  C = 0 F R IE D L A N D E R  and W AN G  (1966) re d u c e d  
the  tw o  u n d e te rm in e d  c o n s ta n ts  µ1  and µ 3  to  one by an a p p ro p r ia te  
t r a n s fo r m a t io n .  F o r  C ≠ 0 th is  t r a n s fo r m a t io n  is  no  lo n g e r  a p p l ic a b le  
and a t r i a l - a n d - e r r o r  p ro c e d u re  becom es  n e c e s s a ry .  A m o n g  the 
a p p ro x im a te  m e th o d s  w h ic h  e x is t  a t  p re s e n t  the f in i t e  d i f fe re n c e  m e th o d  
is  p ro b a b ly  the m o s t  a c c u ra te .  The A d a m s  e x t ra p o la t io n  f o r m u la  
( C O L L A T Z ,  1960) t ru n c a te d  a f te r  the fo u r th  d i f fe re n c e  t e r m  was used . 
T he  s ta r t in g  va lues  fo r  the A d a m s  e x t ra p o la t io n  w e re  c a lc u la te d  u s in g  
the a n a ly t ic a l  s o lu t io n  fo r  the lo w e r  end o f  the s p e c t ru m  (35).
T o  f a c i l i t a t e  n u m e r ic a l  c o m p u ta t io n  equ a tion  (34) was t r a n s fo r m e d  
u s in g  the s u b s t i tu t io n  η  =  e x  and ψ ( η )  =  Y ( x ) · The r e s u l t  is
(39)
The  in t e g r a l  t e r m  in  (39) was f u r t h e r  t r a n s fo r m e d  in to  the f o r m
by  the  s u b s t i tu t io n . The va lue  o f  the in t e g r a l  was 
co m p u te d  by  the 3 2 -p o in t  G a u s s ia n - L a g u e r r e  q u a d ra tu re  f o r m u la  
K R Y L O V  (1962). The  t r i a l - a n d - e r r o r  p ro c e d u re  f o r  f in d in g  the u n ­
d e te rm in e d  co n s ta n ts  µ1, µ 3 and C 1 can be s im p l i f i e d  m in im iz in g  a 
fu n c t io n  F g ive n  by
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(40)
w h e re  µ1 and µ3 a re  a s s u m e d  v a lu e s ,  µ1c, µ 2 c ,  µ 3 c  and
µ5c a re  the co m p u te d  v a lu e s  o f  m o m e n ts  µ g iv e n  by (25). The 
r e s u l t s  o f  n u m e r ic a l  c a lc u la t io n s  ob ta in e d  u s in g  the IB M  360 /75  
c o m p u te r  a t  the  C a l i f o r n ia  I n s t i tu te  o f T e c h n o lo g y  a re  g iv e n  in  
T a b le s  I  and I I . The  c o n s ta n t  C 2 a p p e a r in g  in  the a p p ro x im a te  
s o lu t io n  f o r  the u p p e r  end o f the s p e c t ru m  (e qua t ion  (38)) can be 
e v a lu a te d  a f te r  the n u m e r ic a l  s o lu t io n  f o r  the w h o le  s p e c t ru m  is  
o b ta ined . The v a lu e s  o f the c o n s ta n t  C 2 f o r  v a r io u s  K  a re  g iv e n  in  
T a b le  I I I .
T A B L E  I I I .
E s t im a te d  v a lu e s  o f  by f i t t i n g  equ a tion  (38) to  the n u m e r ic a l
s o lu t io n  o f  the  w h o le  s p e c t ru m .
K 0 .01 0 .1 0. 5 1 .0
C 2 1 .0547 1 .0669 1 .0937 1 .3730
The s e l f - p r e s e r v in g  s p e c t ra  ψ  = ψ ( η )  f o r  d i f f e r e n t  v a lues  o f K  
a re  g iv e n  in  F ig u r e  1.
The  c u rv e  fo r  K  = 0 c o r re s p o n d in g  to  the case t re a te d  by 
F R IE D L A N D E R  and W A N G  (1966) is  g ive n  f o r  c o m p a r is o n .  The c u rv e  
f o r  K  = 0 .01  is  n o t  g iv e n  s ince  th is  c u rv e  l ie s  v e r y  c lo se  to  the c u rv e  
f o r  K  = 0.
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T A B L E  I.
S e l f - p r e s e r v in g  p a r t i c le  s ize  d i s t r ib u t io n  f o r  Sm o lu c h o w s k i 
c o a g u la t io n  w i th  s im u l ta n e o u s  M a x w e l l ia n  c o n d e n sa t io n  ob ta ined  
f r o m  eq u a t io n  (34) by  a f in i t e - d i f f e r e n c e  m e th od .
η
ψ(η) η
ψ ( η )
K  = 0 . 01 0 . 0 010 0 . 0 002 K  = 0 . 5 0 .1 1 44 0 . 6 422
0 . 0 020 0 . 0 067 0 .1 5 4 4 0 . 9 106
0 . 0 030 0 .0 2 4 4 0 . 2 084 0 . 9 752
0 . 0 041 0 . 0 517 0 . 3 109 0 . 9 402
0 . 0 061 0 .1 1 3 3 0 . 3 798 0 . 8 885
0 . 0 100 0 . 2 335 0 . 5 126 0 . 7 663
0 . 0 201 0 . 4 567 0 . 6 261 0 . 6 624
0.0301 0 . 5 871 0 . 8 452 0 .5 1 0 5
0 . 0 605 0 . 7 682 1 . 2 609 0 .3 1 3 6
0 . 1 103 0 . 8 435 1 . 7 020 0 .1 9 1 3
0 . 2 009 0 . 8 306 2 . 0 789 0 . 1 224
0 . 6 036 0 . 5 779 3 .1013 0 . 0 347
1 . 0 999 0 . 3 497 4.1 863 0 . 0 095
2 . 0 041 0 . 1 384 5.1131 0 . 0 031
6 . 6 537 0 . 0 006 6 . 2 452 0 . 0 008
K  = 0 .1 0 .0 1 3 3 0 .0 1 3 3 K  = 1 .0 0 .2351 1 .1178
0. 0243 0 .2877 0 .2 8 7 2 1.1011
0 .0 4 0 0 0 .5 4 8 7 0 .3877 1 .0143
0 .0 5 4 0 0 .6 7 4 9 0 .4 7 3 5 0 .9 4 8 3
0 .0 8 0 6 0 .7 9 4 5 0 .5 7 8 3 0 .8 1 8 3
0 .1 0 8 8 0 .8 4 6 0 0 .7 0 6 4 0 .7 2 5 9
0 .1 6 2 3 0 .8 6 5 9 0 .8 6 2 8 0 .5 8 0 6
0 .2 9 5 8 0 .8 0 0 5 1 .0538 0 .4 6 9 3
0 .4 4 1 2 0.6991 1.2871 0 .3 2 5 2
0 .6 5 8 2 0 .5 6 0 2 1.5721 0 .2 2 0 5
1 .0852 0 .3 5 7 5 1.9201 0 .1 3 7 9
1 .7892 0 .1 6 9 4 2 .3 4 5 2 0 .0 7 7 6
3 .2 6 0 2 0 .0 3 5 6 3.1657 0 .0 2 6 8
5 .3 7 5 2 0 .0 0 3 6 3 .8 6 6 6 0 .0 0 8 5
7 .2 5 5 8 0 .0 0 0 4 4 .7 2 2 7 0 .0017
102
T
A
B
L
E
 
II
.
V
a
lu
e
s 
o
f 
m
o
m
e
n
ts
 μ
i 
(i 
= 
1
, 2
, 
3,
 5
 )
, 
η
1
, 
va
lu
e
s 
o
f 
C
1 
an
d 
th
e 
a
cc
u
ra
cy
 o
f 
ca
lc
u
la
ti
o
n
s
C
1
0
.5
40
3
0.
54
86
0
.6
08
5
0
.6
9
 2
7
η1
0
.0
00
4
0
.0
12
1
0
.1
03
5
0
.2
12
8
μ
5
A
ss
u
m
e
d
 1
.0
 
(r
e
q
u
ir
e
d
 v
a
lu
e
)
C
o
m
p
u
te
d
1.
0
05
0
0.
99
35
0
.9
83
5
0
.9
96
9
μ
2
A
ss
u
m
e
d
 1
.
0 
(r
e
q
u
ir
e
d
 v
a
lu
e
)
C
o
m
p
u
te
d
0
.9
9
5
4
0
.9
9
3
2
0
.9
9
3
5
0
.9
8
2
7
K
0.
01
0
.
1
0.
5
1
.0
μ3
C
o
m
p
u
te
d
0
.9
06
1
0
.9
05
5
0
.9
17
9
0
.9
3
7
8
A
ss
u
m
e
d
0
.9
0
4
8
0
.
90
57
0
.9
0
7
3
0
.9
3
5
3
μ1
C
o
m
p
u
te
d
1
.2
4
6
4
1
.2
29
1
1
.2
3
6
8
1
.1
19
1
A
s
s
u
m
ed
1
.2
4
4
9
1.
24
33
1
.2
3
5
4
1
.1
1
1
9
103
V I . DISCUSSIONS
A . L i m i t s  o f the T h e o ry
A c c o rd in g  to  e qu a t ion  (35) the b e h a v io r  o f ψ ( η ) a t  
η = η1 depends on the  va lue  o f  ϵ - ω . T h re e  cases can be 
d is t in g u is h e d  depend ing  on w h e th e r  ϵ - ω  f o r  w h ic h  ψ ( η 1 )  = 0,
ϵ - ω  =  0 f o r  w h ic h  Ψ ( η 1 )  is  f in i t e  and ε - ω  <  0 fo r
w h ic h  ψ ( η 1 )  is  i n f i n i t e .  H ence  ε - ω  =  0 r e p re s e n ts  a c r i t i c a l
case . U s in g  the  equ a t ions  f o r  ε  and ω  g ive n  by (35) th is  r e la t io n s h ip  
can  be e x p re s s e d  as a q u a r t ic  e q u a t ion  in  C :
(41)
w h e re  the c o e f f ic ie n ts  a i  (i  = 0, 1 ,  2, 3, 4 )  a re  g ive n  by
T o  each  va lu e  o f  C th e re  c o r re s p o n d s  a s o lu t io n  ψ  =  ψ ( η )  w i th  
p a r t i c u l a r  v a lu e s  f o r  the m o m e n ts  µ1 and µ3  so th a t  µ1  and µ 3 a re  
bo th  fu n c t io n s  o f  C . The fu n c t io n a l  dependence , h o w e v e r ,  m u s t  be 
e v a lu a te d  n u m e r ic a l l y .  A n  e s t im a te  o f the c r i t i c a l  C can be m ade  in  
the fo l lo w in g  w ay: The  n u m e r ic a l  s o lu t io n s  show th a t  w i th  in c re a s in g  
v a lu e s  o f  C the  c u rv e s  becom e n a r r o w e r  w h ic h  m eans  th a t  c ond ensa t io n
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tends to  n a r r o w  the s ize  s p e c t ru m .  As shown above the d e v ia t io n s  o f 
m o m e n ts  µ 1 and µ 3  f r o m  u n i ty  s e rv e  as an in d e x  o f  the p o ly d is p e r s i t y
of the s y s te m .  C o nsequ en t ly ,  i t  can be expec ted  th a t  µ 1  is  a d e c re a s in g
fu n c t io n  o f C w h i le  µ 3  is  an in c re a s in g  fu n c t io n  o f C both  a p p ro a c h in g  
u n i ty .
One e x t re m e  case is  µ 1  = µ 3  = 1. E q u a t io n  (41) in  th is  case 
becom es
(42)
A c c o rd in g  to  D e s c a r te s '  r u le  th is  equ a tion  has no m o re  than  one p o s i t iv e  
ro o t .  S ince fo r  C = 1 the le f t  s ide o f (42) is  neg a t ive  and fo r  C = 2 
p o s i t iv e ,  T h is  un ique  p o s i t iv e  r o o t  l ie s  be tw een  1 and 2.
The second e x t re m e  case is  S m o lu c h o w s k i c o a g u la t io n  w i th o u t  c o n d e n sa t io n  
fo r  w h ic h  µ1 = 1 .248  ≈  1 .25  and µ3 = 0 .9 0 4 6  ≈  0 .9 .
E q u a t io n  (41) becom es
(43)
A g a in  D e s c a r te s '  r u le  r e q u i r e s  th a t  the p o s i t iv e  r o o t  o f (43) w h ic h  a ls o  
l ie s  be tw een  1 and 2 is  the on ly  p o s i t iv e  r o o t  o f th is  e q u a t ion .  Thus 
i t  ap p e a rs  th a t  the c r i t i c a l  va lue  o f C l ie s  be tw een  p o s i t iv e  r o o ts  of 
(42) and (43) i .  e. , be tw een 1 and 2 so the th e o ry  is  l im i t e d  to  v a lu e s  o f 
C s m a l le r  than  the  o r d e r  o f u n i ty .
B . R o le  o f H om ogeneous N u c le a t io n
To  e s t im a te  the o r d e r  of m a g n itu d e  o f  C fo r  t y p ic a l  c o n d it io n s ,  
the p a r a m e te r  B a p p e a r in g  in  (12) and d e f in e d  by (9) m u s t  be know n. 
T y p ic a l  v a lu e s  f o r  the cons tan ts  a p p e a r in g  in  B fo r  w a te r  v a p o r  a re  
(F U C H S , 1 9 5 9 ;  W E A S T , 1965):
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so th a t  we ge t B  ≈  10-5 c m 2 sec-1.
S ince  the th e o r y  is  l im i t e d  to  s m a l l  v a lues  o f C f r o m  (12) i t  
f o l lo w s  th a t  S m u s t  be v e r y  c lo se  to  u n i ty .  M u c h  h ig h e r  v a lu e s  o f the 
s a tu ra t io n  r a t i o  a re  r e q u i r e d  f o r  hom ogeneous  n u c le a t io n  than  f o r  v a p o r  
c o n d e n sa t io n  on f o r e ig n  p a r t i c le s  (M ASO N, 1957). Thus n e g le c t in g  new  
p a r t i c le  f o r m a t io n  by hom ogeneous n u c le a t io n  is  j u s t i f i e d  f o r  the th e o ry  
d is c u s s e d  in  th is  p a p e r .
C. R e la t io n s h ip  B e tw een  S u rfa ce  A r e a  and S a tu ra t io n  R a t io
The m o m e n t  µ4  is  d e f in e d  by (21) o r  by (28) and by (30) 0 < µ4
< 1. T h is  m o m e n t  can be expec ted  to  in c re a s e  w i th  in c re a s in g  C.
The  va lue  o f µ 4  has been c a lc u la te d  n u m e r ic a l l y  f o r  K  = 1 and found to
be µ4 = 0 .9 5 0 5 .  S u b s t i tu t io n  o f th is  va lue  in to  (20) g ives  f o r  K  = 1
(44)
A c c o rd in g  to  (12) and (20) the s u r fa c e  c o n c e n t ra t io n  σ  is  p r o p o r t io n a l  
to  the s a tu ra t io n  r a t i o  S. U s in g  the va lues  o f m o m e n ts  µ1 and µ 3
f o r  K  = 1 g iv e n  in  T a b le  I I  we get C = 1 .0 9 .  T h u s ,  f o r  K  = 1 the 
v a lu e s  o f  µ 4  and C a re  know n so th a t  the p r o p o r t io n a l i t y  c o e f f ic ie n t
be tw een  σ  and S can be c a lc u la te d  fo r  p a r t i c u la r  v a lu e s  o f  µ,
T  and B .
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A p p e n d ix  I .  D e r iv a t io n  o f  E q u a t io n  (4) f r o m  E q u a t io n  (1)
In te g ra t in g  E q u a t io n  ( 1) w i th  r e s p e c t  to  ν f r o m  0 to ∞  g ives
Let
T hen and s ince
we have
The  second t e r m  o f  the above e x p re s s io n  r e p re s e n ts  the ra te  o f change o f  the 
to ta l  n u m b e r  c o n c e n t r a t io n  due to  co n d e n sa t io n .  S ince the a s s u m p t io n  is  
m ade  th a t  co n d e n s a t io n  does n o t  change the to ta l  n u m b e r  c o n c e n t ra t io n  
(hom ogeneous n u c le a t io n  is  n o t  ta k e n  in to  a ccou n t)  th is  t e r m  m u s t  be z e ro .  
T h u s ,
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L e t
T hen
L e t
T he n
So
F u r t h e r m o r e ,  le t
then
H ence
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A p p e n d ix  I I . D e r iv a t io n  o f  E qn . (7) f r o m  E qn . (1)
M u l t ip l y in g  E qn . (1) by  ν  and in te g ra t in g  w i th  re s p e c t  to  ν  
f r o m  0 to  ∞  g ives
L e t
In  B , le t
then
L e t
th e n
L e t
T h e r e fo r e ,  A  = O (1)
N e x t  c o n s id e r
(2)
S ince  ν  is  a fu n c t io n  o f  t im e  t  o n ly ,  the p a r t i a l  d i f f e r e n t ia t i o n  
w i th  r e s p e c t  to  t  is  e q u a l to  t o ta l  d i f f e r e n t ia t io n .
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T h u s
and f u r t h e r  by d e f in i t io n  of ra te  o f c ond ensa t io n
th e r e fo r e ,  E qn . (2) becom es
o r
hence (3)
By d e f in i t io n , is  a fu n c t io n  o f t  o n ly .
T h e re fo r e
(4)
In  the A p p e n d ix  I  we have  shown th a t w h ic h  re p re s e n ts
the  r a te  o f change o f  the  t o ta l  n u m b e r  c o n c e n t ra t io n ,  is  z e r o .  So the t e r m
r e p re s e n ts  the  a ve ra g e  ra te  o f the change o f  the  to ta l
n u m b e r  c o n c e n t ra t io n .  S ince we a ss u m e  th a t  c o n d e n s a t io n  does n o t  change 
the  t o ta l  n u m b e r  c o n c e n t ra t io n .  The a ve ra g e  ra te  is ,  o f c o u rs e ,  z e ro .
T hu s , (5)
110
F r o m  E q n s . (3), (4) & (5) we have
and by (1) A  = 0 ,  t h e r e fo re
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A p p e n d ix  I I I .  D e r iv a t io n  o f  the M a x w e l l  E q u a t io n  fo r  the R a te  o f  
C o ndensa tion : E q u a t io n  (9)
T h e  th e o r y  o f  v a p o r  c o n d e n sa t io n  on p a r t i c le s  in  a gaseous m e d iu m  
was f i r s t  in v e s t ig a te d  by M a x w e l l .  M a x w e l l  a s s u m e d  th a t  the v a p o r  c o n ­
c e n t r a t io n  a t  the s u r fa c e  of the  p a r t i c le  was equa l to  i t s  e q u i l i b r i u m  d e n s i ty ,  
Co. T h is  a s s u m p t io n  is  t r u e  when the K nudsen  n u m b e r  is  v e r y  s m a l l ,  i .  e., 
the  p a r t i c le  r a d iu s  r  is  m u c h  g re a te r  than  the  v a p o r  m o le c u le  m e a n  f r e e  
pa th .
In  the case o f  s ta t io n a ry  c o nd ensa t io n ,  the ra te  I m of d i f fu s io n  o f 
the v a p o r  o f the  p a r t i c le  a c ro s s  any s p h e r ic a l  s u r fa c e  w i th  ra d iu s  ρ  m a y
be w r i t t e n  as
(1)
w h e re  D the d i f f u s i v i t y  o f  the v a p o r ,  C i t s  c o n c e n t ra t io n .  
The  b o u n d a ry  c o n d it io n s  a re
( i ) (2)
( i i ) (Knudsen  n u m b e r  is  s m a l l )
The  s o lu t io n  o f  (1) and (2) g ives
(3)
I f  the v a p o r  obeys the  id e a l  gas la w ,  then
(4)
w h e re  ρ is  p a r t i a l  v a p o r  p r e s s u r e ,  M  m o le c u la r  w e ig h t ,  R  gas 
c o n s ta n t ,  and T a b s o lu te  te m p e r a tu r e .  Eqn. (3) becom es
(5)
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w h e re is  m e a n  va lu e  o f  the  a b s o lu te  t e m p e ra tu r e  be tw een  T o and T  ∞ . 
N e x t ,  c o n s id e r  the t e m p e ra tu r e  d ro p  caused  by co n d e n s a t io n .  I f  the hea t 
t r a n s fe r  by  c o n v e c t io n  and r a d ia t io n  a r e  n e g l ig ib le  and the c o n d u c t iv i t y  o f  
the gaseous m e d iu m  is  co n s ta n t ,  then
(6)
w h e re  x  is  t h e r m a l  c o n d u c t iv i t y  o f  the gaseous m e d iu m .  The b o u n d a ry  
c o n d it io n s  a re
( i)  T  = T  ∞  ( te m p e r a tu r e  o f  the  m e d iu m )  a t  ρ =  ∞
(7)
( i i )  T = T o  ( te m p e ra tu re  o f  the s u r fa c e  o f  p a r t i c le )  a t  ρ = v 
The s o lu t io n  o f  (6) and (7) g ives
(8)
T he  hea t f lu x  to  the d ro p  f r o m  the s u r ro u n d in g  space due to  c o n d u c t iv i t y  
o f  the m e d iu m  is
(9)
In  s ta t io n a r y  cond ensa t io n ,  the q u a n t i ty  o f hea t t r a n s f e r r e d  to  
p a r t i c le  equa ls  the a m o u n t  re le a s e d  in  c o nd ensa t io n ,  i .  e. ,
(10)
W h e re  L  is  the  la te n t  hea t o f c ond ensa t io n  o f the l i q u id ,  the m in u s  
s ig n  is  used  because  o f  c o nd ensa t io n .
E qn . (5) is  s u b s t i tu t in g  in to  E qn . (10) g ives
( 11)
H e nce , E qn . (5) becom es
(12)
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In  the case o f  co n d e n sa t io n ,  the C la p e y ro n -C la u s is u s  e qu a t ion
(13)
m a y  be w r i t t e n  as
(14)
I f  we n e g le c t  the v o lu m e  o f  the l i q u id  c o m p a re d  to  th a t  o f  the v a p o r ,  
th e n  w i th  the a s s u m p t io n  o f the id e a l  gas fo r  the v a p o r ,
(15)
L e t  P s  be the  p r e s s u r e  o f  the s a tu ra te d  v a p o r  a t  T  ∞ , then
(16)
(17)
I f  To -  T  ∞ is  s m a l l ,  then  
(18)
F r o m  E qn. (11)
(19)
L e t
then
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I f  I m is  in  v o lu m e  p e r  u n i t  t im e ,  we m u s t  d iv id e  I m by d e n s i ty  o f  the 
l i q u id .  H e nce , le t
we ge t
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A p p e n d ix  IV .  N u m e r i c a l  S o lu t io n  o f  the G e n e ra l  O r d in a r y  and N o n l in e a r  
I n t e g r o - D i f f e r e n t i a l  E q u a t io n ;
(1)
w i th  c o n s t ra in ts :
(i)
( i i )
( i i i )
w h e re  α (i ) is  a fu n c t io n  depends on i .
I t  seem s v e r y  u n l ik e ly  to  f in d  the a n a ly t ic  s o lu t io n  o f the above 
q u a t io n  w h ic h  a p p e a rs  f r e q u e n t ly  in  the th e o ry  of a e ro s o ls .  The p re s e n t  
s tudy  a t te m p ts  to  so lve  th is  equ a tion  n u m e r ic a l l y .  A s  an e x a m p le ,  th is  
e q u a t io n  w i l l  be s o lve d  f o r  the case o f  M a x w e l l ia n  con d e n sa t io n  and S m o lc h o w s k i 
c o a g u la t io n .
T o  f a c i l i t a t e  the n u m e r ic a l  c a lc u la t io n ,  the  fo l lo w in g  t r a n s fo r m a t io n  
is  in t r o d u c e d  (W A N G  and F R IE D L A N D E R ,  1966).
(2)
(3)
The  advan tage  o f  the  above t r a n s fo r m a t io n  is  th a t  the fu n c t io n  Y (x ) lo oks  
l i k e  a n o r m a l  d i s t r ib u t io n .  The a rg u m e n t  x  ra n g e s  f r o m  -∞  to  +∞ . 
U s in g  th is  t r a n s fo r m a t io n ,  E qn . (1) becom es
(4)
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F u r t h e r m o r e ,  le t (5)
The in t e g r a l  t e r m  then  becom es
(6)
The  advan tage  o f  the t r a n s fo r m a t io n  (5) is  th a t  the in t e g r a l  t e r m  can be 
t r a n s fo r m e d  in to  the fo l lo w in g  fo r m :
(7)
The  above in t e g r a l  can be in te ra g a te d  by the 3 2 -p o in t  G a u s s ia n - L a g u e r r e  
q u a d ra tu re  f o r m u la  w h ic h  is  a v e r y  g e n e ra l  q u a d ra tu re ,  and the s u b ­
ro u t in e  is  a v a i la b le  in  a l l  c o m p u t in g  f a c i l i t i e s .
A f t e r  these  tw o  t r a n s fo r m a t io n s ,  Eqn. (1) becom es
(8)
o r (9)
w h e re (10)
E q u a t io n  (9) is  a f i r s t  o r d e r  o r d in a r y  d i f f e r e n t ia l  equ a t ion .  A m o n g  
the a p p ro x im a te  m e th o d s  w h ic h  e x is t  a t  p re s e n t ,  the  f in i t e  d i f fe re n c e  
m e th o d s  a r e  p r o b a b ly  the  m o s t  a c c u ra te .  The A d a m s  e x t ra p o la t io n  m e th o d  
w i l l  be used .
T he  f i n i t e  d i f fe re n c e  m e th o d s  a re  based  on the in t e g r a l  f o r m  of 
E qn . (9), w h ic h  is
(11)
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In  the A d a m s  e x t ra p o la t io n  m e th o d ,  the fu n c t io n  H (x ,  Y )  u n d e r  the in te g r a l  
s ig n  in  E q n . (11) is  re p la c e d  by the in te r p o la t io n  p o ly n o m ia l  P (x )  w h ic h
ta k e s  the v a lu e s a t  the  p o in t
r e s p e c t iv e ly .  In  e f fe c t ,  we eva lu a te  the in t e g r a l  by  m eans  o f  the q u a d ra tu re  
f o r m u la
(12)
The  t r u n c a t io n  a f te r w i l l  be used  in  th is  s o lu t io n  o f Eqn. (9), w h e re
In  the  f in i t e  d i f fe re n c e  m e th o d ,  i t  i s  a lw a y s  needed to  have  a sequence o f  
a p p ro x im a t io n s  H i . b e fo re  we can s t a r t  the s te p - b y -s te p  p ro c e d u re s  
d e f in e d  by  E qn . (12). C o n se q u e n t ly ,  the f in i t e  d i f fe re n c e  m e th o d s  have tw o  
d i s t i n c t  s tages:
( i)  C a lc u la t io n  o f s ta r t in g  va lues  w h ic h  a re  ob ta ined  by  som e o th e r
m e a n s ,  f o r  e x a m p le ,  u s in g  the a n a ly t ic  s o lu t io n  o f the E qn . (1) 
f o r  c e r ta in  i n t e r v a l  o f  η  ( fo r  e x a m p le ,  w hen  η  is  s m a l l  o r  η 
is  la rg e ) .  T h is  w i l l  b r in g  a n o th e r  c o n s ta n t  w h ic h  is  e q u iv a le n t  
o f  a d d i t io n  o f  a n o th e r  c o n s t r a in t .  We w i l l  d is c u s s  the c o n s t ra in ts  
la t e r .
( i i )  M a in  c a lc u la t io n ,  s tep  by s tep as f a r  as r e q u i r e d .  Due to  the
u n d e te rm in e d  cons tan ts and the c o n s t r a in ts  (i) and
118
( i i )  a t r i a l - a n d - e r r o r  p ro c e d u re  is  n e c e s s a ry .  The m e th o d  a s su m e s  the 
u n d e te rm in e d  cons tan ts  μ i 's and then  p ro c e e d s  the n u m e r ic a l  c a lc u la t io n .  
A f t e r  the c a lc u la t io n  is  c o m p le te d ,  the c o n s t ra in ts  ( i ) - ( i i i ) ,  a re  c a lc u la te d .  
L e t  us denote  th e m  υ 0 ,  υ 1 and μ ic 's  r e s p e c t iv e ly ,  and then d e f in e  
the fo l lo w in g  fu n c t io n
(13)
The p r o b le m  now  is  to  m in im iz e  the fu n c t io n  F  s u b je c t  to  the c o n s t ra in ts  
( i ) - ( i i i ) .  A n  o p t im iz a t io n  p r o g r a m  A M O E B A  is  w r i t t e n  f o r  o b ta in in g  μ ic 's  
such  th a t  fu n c t io n  F  has a m in im u m .
A s  an e x a m p le ,  Eqn. (34) is  so lved  by the m e th o d  d e s c r ib e d  above. 
We have
(14)
(15)
(16)
c o n s t ra in ts
(17)
w h e re a re  c o n s t ra in ts  ( i)  and ( i i )  r e s p e c t iv e ly .
The  r e s u l t  o f the  above c a lc u la t io n  is  g ive n  in  T A B L E  I  and I I .  The 
c o m p u te r  p r o g r a m  w r i t t e n  in  F O R T R A N  IV  is  g iv e n  in  A P P E N D IX  V .
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A p p e n d ix  V .  C o m p u te r  P r o g r a m
A  c o m p u te r  p r o g r a m  o f  the s o lu t io n  o f  g e n e ra l  n o n l in e a r  in te g o -  
d i f f e r e n t ia l  equ a tion  w i th  the e xa m p le  o f  s o lv in g  Eqn. (34) is  g iven .  In
u s in g  the c o m p u te r  p r o g r a m ,  the fu n c t io n s
m u s t  be g iv e n  in  the  S U B R O U T IN E  Q F .  T w o  s u b ro u t in e s
a r e  a ls o  in c lu d e d .  The  f i r s t  S U B R O U T IN E  QF is  m a in ly  re s p o n s ib le  
f o r  s o lv in g  the i n t e g r o - d i f f e r e n t ia l  equ a tion .  The  S U B R O U T IN E  A M O E B A  
is  a m in im iz a t io n  p r o g r a m  u s in g  the  c o n t ra c t io n  m e th o d  s h r in k  the s im p le x  
to w a rd  a n ew  m in im u m .  I f  in s te a d  a m a x im u m  is  found , then  r e f l e c t  the 
c u r r e n t  m a x im u m  th ro u g h  c e n t ro id .  F in a l l y ,  te s t  o f  co n v e rg e n c e  is  
g iv e n .
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NUMERICAL SOLUTION OF THE NONLINEAR INTEGRRO- D I FF R E N T IAL EQUAT I ON
NUMERICAL SOLUTION OF THE TRANSFORMED K I NETIC E Q U A T IO N : 
SMOLUCHOWSKI COAGULATION AND MAXW ELLIAN CONDENSATION
CSTAR . NE. ZERO
IM P L IC IT  REAL * 8 (A - H,O- Z)
REA L * 4 Q Y ,Q P ,Q F ,X E T A (2 00 ) , YY ( 2 0 0)
DIM ENS I ON Q Y ( 4 ) , Q P ( 2 , 6 ) , C HECK ( 5 )  , ETA ( 2 0 0 ) , Y ( 2 0 0 )
EXTERNAL QF
COMMON /PAR M/  CHECK ,B BC ,B BW ,E T A 1 ,C S T A R ,E T A ,Y ,R K ,A ,B ,C 1 ,N B C
101 FORMAT ( 9 F8. 0 )
102 FORMA T (2 2 X , ' ETA' , 2 2 X , ' PS I ' )
103 FORMA T (1 H 1 , 4 8 Χ , ' A ' , 24 X , ' B ' , 2 3 X , ' C 1 ' , / / )
104 FORMAT ( 1 2X , ' G UESSED VALUE ' , 3 ( 1 0 X , E 1 5 . 8 ) , / / )
105 FORM A T (4 (1 0 X , E 1 5 .8 ) )
106 FORMA T (9 X , ' C ALCULATED VALUE' , 2 ( 1 0 X , E 1 5 . 8 ) , / / )
107 FORMAT( ' INTEGRATION OF P S I ( ETA ) OVER ETA FROM ZERO TO IN F IN IT Y  = 
1 ' , E 1 5 . 8 , / / / , '  INTEGRATION OF ETA* P S I (E T A ) OVER ETA FROM ZERO TO IN 
2 F IN IT Y  = ' , Ε 1 5 . 8 / / )
108 FORMAT ( 8 X , ' CSTAR = ' , E1 5 . 8 , 8 X, ' ALPHA = ' , E1 5 . 8 , 9 X, ' B ET A = ' , E 1 5 . 8 , 9 X , 
1 'E ΤΑ1= ' , E 1 5 . 8 / / , 1 1 X , ' K = ' , E15. 8 / / , 1 1 X , ' F= ' ,E15.8 , 9 X , ' M U 4 = ' , E 
2 1 5 . 8 , / / )
100 READ( 5 , 1 0 1 ) RK, A, B, C1 ,  ( Q Y ( I ) ,  I = 1, 2 )
I F ( A . LT . 0 . 9 D 0 . 0 R. A . G T . 1 .D 0 . 0 R .B . L T . 1 . D 0 . 0 R. B . G T . 1 . 3 D 0 ) GO TO 1000 
Q P ( 1 , 1 ) =A 
Q P ( 2 , 1 ) =B
CALL AMOEBA (Q P ,Q Y ,2 , 1 . E - 3 ,Q F )
J = 4
CALL QF ( QP( 1 , J ) , X X )
W R IT E (6 , 105) X X ,CHECK( 4 )
WRITE(6 , 103)
WRITE( 6 , 1 0 4 )  ( Q P ( I , 4 ) , I = 1 , 2 ) , C1 
WRITE( 6 , 1 0 6 )  CHECK( 3 ) , CHECK( 1)
WRITE( 6 , 108) CSTAR, BRC, BBW,ETA1 , RK, XX, CHEC K (4 )
WRITE( 6 , 1 0 7 )  C H E C K (2 ) , CHECK(5)
W R IT E (6 ,1 0 2 )
DO 25 I = 1 , NBC
25 WRITE( 6 , 1 0 5 )  ETA( I ) , Y ( I )
GO TO 100 
1000 STOP 
END
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SUBROUTINE QF ( VV, XX)
IM P L IC IT  RE A L * 8 ( A - H ,O - Z)
REA L * 4 XX, VV
DIMENS IO N Z ( 3 2 ) , Q ( 3 2 ) , X ( 2 00 ) , Y ( 2 0 0 ) , ΕΤA ( 2 0 0 ) , F ( 2 0 0 , 5 ) , Z Z ( 2 ) , V V ( 3 ) ,  
1XI ( 200 ) , X J ( 2 0 0 ) , CHECK ( 5 ) , Z I ( 3 2 ) , Z J ( 3 2 ) , ZK ( 3 2 ) , YZ ( 2 ) , YOP ( 5 , 3 2 ) 
COMMON / PARM/  CHECK ,B BC ,B BW ,E T A 1 ,C ST A R ,E T A ,Y ,R K ,A ,B ,C 1 ,NBC 
DATA Z / . 1 1 1 7 5 1 3 9 8 0 9 7 9 3 7 7 0 D 3 , . 9 8 8 2 9 5 4 2 8 6 8 2 8 39 7 D2 , . 8 8 7 3 5 3 4 0 4 1 7 8 9 24 0 D 
1 2 , . 80 1 8 7 4 4 6 9 7 7 9 1 35 2 D 2 , . 7 2 6 8 7 6 2 8 0 9 0 6 6 2 7 1 D 2 , . 6 5 9 7 5 3 7 7 2 8 7 9 3 5 0 5 3 D2,
2 . 5 9892 509 1 6 2 1 3 4 0 1 8 D2 , . 5 4 3 3 3 7 2 1 3 3 3 3 969 0 7 D 2 , .4 9 2 2 4 3 9 4 9 8 7 3 0 8 6 3 9 D2, 
3 . 4 4 5 0 9 2 0 7 9 9 5 7 5 4 9 38D 2 , . 4 0 1 4 5 7 1 9 7 7 1 5 3 9 4 4 2D 2 , . 3 6 1 0 0 4 9 4 8 0 5 7 5 1 9 74 D2,
4 . 3 2 3 4 6 6 2 9 1 5 3 9 6 4 7 3 7 D 2 , . 2 8 8 6 2 1 0 1 8 1 6 3 2 3 4 7 5 D2 , . 2 5 6 2 86 3 6 0 2 2 4 5 9 D 2 ,
5 . 2 2 6 3 0 8 8 9 0 1 3 1 9 6 7 7 4D2 , . 1 9 8 5 5 8 6 0 9 4 033 6 0 5 5 D 2 , . 1 7 2 9 2 4 5 4 33 6 7 1 5 3 1 5D2,
6 . 14 9 3 1 1 3 9 7 5 5 5 2 2 5 5 7D2 , . 1 2 7 6 3 6 9 7 9 8 6 7 4 2 7 2 5 D 2 , . 1 0 7 8 30 1 8 6 3 2 5 3 9 9 72D2,
7 . 8 9 8 2 9402125 9 6 D 1 , . 7 3 5 8 1 2 6 7 3 3 1 8 6 241 D 1 , . 5 9 0 3 9 5 8 5 0 4 1 7 4 2 4 3 9 D1, 
8 . 4 6 1 6 4 5 6 7 6 9 7 4 9 7 6 74 D 1 , . 3 4 9 2 2 1 3 2 7 3 0 21 9 9 4 5D 1 , . 2 5 2 8 3 3 6 7 0 6 4 2 5 7 9 4 9D1,
9 . 1 7 2 2 4 0 8 7 7 6 4 4 4 6 4 54 D 1 , . 1 0 7 2 4 4 8 7 5 3 8 1 7 8 1 76D 1 , .5 7 6 8 8 4 6 2 9 3 0 1 8 8 6 4 3 D 0,
A . 2 34 5 2 6 1 0 9 5 1 9 6 1 8 5 4 D 0 , .4 448936 5 8 3 3 2 6 7 0 1 8 D -1 /
DATA Q / . 4 5 1 0 5 3 6 1 9 3 8 9 8 9 74 2 D- 4 7 , . 13386 1 6 9 4 2 1 0 6 2 5 6 3D- 4 1 ,
1. 2 6 7 1 5 1 1 2 1 9 2 4 0 1 3 7 0 D - 3 7 , .1 1 9 2 2 4 8 7 6 0 0 9 82224D - 3 3 ,
2 . 1 9 1 3 3 7 5 4 9 4 4 5 4 2 2 4 3D- 3 0 , . 14 1 8 56 0 5 4 54 6 3 0 3 69 D- 2 7 ,
3 . 5 66 1 2 94 1 3 0 3 9 7 3 5 9 4 D - 2 5 , . 1 3 4 6 9 8 2 5 8 6 6 37 3 9 52D- 2 2 , 
4 . 2 0 5 4 4 2 9 6 7 3 7 8 8 0 4 5 4D- 2 0 , . 2 1 1 9 7 9 2 2 9 0 1 6 3 6 1 8 6 D -1 8 ,
5 . 1 54 2133 8 3 3 3 9 3 8 2 3 4 D- 1 6 , . 8 1 7 1 8 2 3 4 4 3 4 20 7 1 9 D-1 5 ,
6 . 3 23780 1 6 5 7 7 2 9 2 6 6 5 D - 1 3 , . 9 7 9 9 3 7 9 2 8 8 7 2 7 094D- 1 2 ,
7 . 2 3 0 5 8 9 9 4 9 1 8 9 133 6 1D - 1 0 , . 4 2 8 1 3 8 2 9 7 1 04 0 9 2 8 9 D- 9 ,
8 . 6 3 5 0 6 0 2 2 2 6 6 2 5 8 0 6 7 D- 8 , . 7604 56 787 9 1 2 0 7 810 - 7 ,
9 . 7 4 1 6 4 0 4 5 7 8 6 6 7 5 5 2 D -6, . 5 9 3 4 54 16128 6 8 6 3 2 9D- 5 ,
A . 39 2 0 3 4 1 9 6 7 9 8 7 94 7 2 D -4 , . 214 864 9 1 8 80 1 3 6 4 1 9 0 - 3 ,
B .9 8 0 8 0 3 3 0 1 6 4 4 9 5 51D- 3 , . 3 7 3 8 8 1 6 2946 1 1 5 2 4 8 D- 2 ,
C.1 1 9 1 8 2 1 4 83 4 8 3 8 5 57D -1 , . 3 1 7 6 0 9 1 2509 1 7 5 0 7 0 D - 1 ,
D.7 0 5 7 8 6 2 3 86 5 7 1 7 4 4 2D- 1 , . 1 2 9 9 8 3 7 8 6 2 8 6 0 717 6D 0 ,
E .1 9 5 9 0 3 3 3 5 9 72 8 8104 D0 , . 23 5 2 1 3 2 2 9 6 6 9 8 4 8 01D0 ,
F . 2 1044 310 7 9 3 8 8 1 3 23D0 , . 1 0 9 2 1 8 34 1 9 5 2 3 8 4 9 7 D0 /
DATA E1 , E2 , E3 , E5 / 0 . 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 , 0 .6 6 6 6 6 666666 6 6 6 66 6 7 ,
A0 . 4 166 66 6 6 6 6 6 6 6 6 6 6 7 ,0 .3 4 8 6 1 1 1 1 1 1 1 1 1 1 1 1 1 /
F1 (E DA ,E D A B )= 1 . D 0 + ( ( EDA-EDAB) /E D A B ) * * E 1 
F 2 (E D A ,X 1 ,X 3 ,C )= E DA+X 1*X 3*E D A +X 3*C *E DA -C *E D A **E 1
F 3 (E D A ,X 1 , X 3 , C) = 2 .D 0 * X 1* X 3 - X 3 /E D A * * E1- X1* E D A * * E 1 + X 3 * C -C * E1 /E D A* * E2 
A=VV( 1 )
B=VV(2)
I F ( A . L T . 0 . 9 D O . O R . A . GT .1 .D O . O R .B .L T .1 .D O .O R .B .G T .1 .3 0 0 )  GO TO 28 
DO 30 J = 18 , 32 
Z I ( J ) = 1 . 5 D 0 * Z ( J )
Z J ( J ) =DLOG( 1 .DO-DEXP( - Z I ( J ) )
30 CONTINUE
DX=0.1  DO 
I ΜAΧ=175 
GO TO 29
28 XX=1 . E7 
GO TO 11
29 CSTAR=RK*(1 . DO+A*B ) / A * 0 . 5 DO 
W=1. DO+A*B+CSTAR*A 
CSTARW=CSTAR/W 
BMW=3.DO *B/W
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BBC= 0 .5 D O- B MW* A - 1 . 5 DO*A*C S TARW
AB= 2 .DO* A *B
CSTARA=CSTAR *A
CSTAR1=CSTAR * E1
XO = 1 .5 DO *DLOG(CSTARW)
IF (X O . L T . - 1 0 .1 D O )  XO= - 10 . 1 DO 
CSTW=DSQRT(CSTARW)
ETA1=CSTW **3
BBW= 1 . 5 DO * ( A / CSTW+B *CSTW ) / W
AA = BB C+BBW
BB=BBC -B BW
XM IN=XO+5*DX
DO 10 I = 1 ,1  MAX
X ( I ) =XO+ I*D X
ETA ( I ) = DEXP ( X ( I ) )
X I ( I ) =DEXP(X(I)*E1)
X J ( I ) = DEXP( X ( I ) * E2)
10 CONTINUE 
C
C* * * * * * C ALCULATI ON OF STARTING VALUES 
C
DO 18 1= 1 , 5
Y ( I )  = C1*DEXP(BMW*XI ( I ) - E 1 * X ( I ) ) * ( X I ( I ) - CSTW ) * * A A * ( X I ( I )+CSTW )**B B  
18 F ( I , 1 ) = - ( A B - A / X I ( I ) - B * X I ( I ) + CSTAR A - C S T A R 1 / X J ( I ) ) /
1(W-C S T A R /X J ( I ) ) * Y ( I )
DO 12 J = 2, 5  
DO 12 I = J, 5
12 F ( I , J )  = F ( I ,  J - 1 ) - F ( I - 1 , J - 1 )
Y ( 6 ) =Y ( 5 ) + D X * ( F ( 5 , 1 ) + 0 . 5 D 0 *F (5 , 2 ) + E3*F( 5 , 3 ) + 0 . 3 75D0 * F ( 5 , 4 ) +
1 E 5 *F ( 5 , 5 ) )
DO 13 I = 6 , I M AX 
QQ=0 .D O 
DO 14 J = 1 8 , 3 2 
ZZ ( 1 ) = X ( I ) - Z I ( J )
ZZ ( 2 )  = X ( I )  + Z J ( J )
DO 15 K= 1 , 2
I F ( Z Z ( K ) - X M I N )  1 6 , 1 6 , 17
16 I F ( Z Z ( K ) . L T .X O) GO TO 26
ZZXX= DEXP(E 1 * Z Z ( K ) )
Y Z (K ) = C1*DEXP ( - Z Z ( K ) * E1+ZZX X *BMW )* (Z Z X X - C S TW )**A A *(ZZX X +C S TW )* * B B 
GO TO 15
26 YZ ( K ) = 0. D 0
GO TO 15
17 IK = ( Z Z ( K ) - X O ) * 1 0 .D 0 
DEL= Z Z ( K ) - X ( I K)
YZ( K ) = Y ( I K ) + DEL* ( F ( I K , 1 ) +0 . 5DO * F ( I K , 2 ) + E 3 * F ( IK , 3 ) + 0 . 375D O *F ( I K , 4 )  
1 + E 5 *F ( IK, 5 ) )
15 CONTINUE
ETAB=DEXP( Z Z ( 1 ) )
Z K ( J ) = F 1 ( E T A ( I ) , E T A B ) * D E X P ( - Z ( J ) * 0 . 5 D 0 )
14 QQ=QQ+ Z K ( J ) * Y Z ( 1 ) * Y Z ( 2 ) * Q( J )
RR=F3 ( ETA ( I ) , B , A , CSTAR ) *Y ( I ) + 1 . 5D0*(ETA ( I ) *Q Q  
SS=F 2 ( E T A ( I ) , B ,A ,C S T A R ) / E T A ( I )
F ( I , 1 ) = - R R / S S
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C
C * * * * * ADAMS EXTRAPOLATION METHOD
C
DO 19 J = 2, 5
19 F ( I , J ) = F ( I , J - 1 ) - F ( I - 1 , J - 1)
Y( I + 1 ) = Y ( I ) + D X * ( F( I , 1 ) + 0 . 5 DO* F (  I , 2 ) + E3* F (  I , 3 ) + 0 .3 7 5 D O * F ( I, 4 ) + 
1E5* F ( I , 5 ) )
IF  ( Y ( I  + 1 ). L T .O .D O ) GO TO 20 
13 CONTINUE
20 NBC= I 
C
C * * * * *  CALCULA T IO N OF UNDETERMINED CONSTANTS AND CONTRAINTS 
C
DO 21 I = 1 , 5 
REALI = DFLOAT ( I )
SUM=0.DO 
DO 22 J = 1 8 , 3 2
YO P ( I , J ) = X ( N BC ) - 3 .DO* Z ( J ) / ( R E A L I + 1 .D O )
I F ( Y OP ( I , J ) - X MIN ) 2 4 , 2 4 , 2 3
24 I F (YOP( I , J ) . L T .X O) GO TO 27 
ZZXX=DEXP(E 1 * Y OP ( I , J ) )
YPP = C1*DEXP ( - YO P ( I ,J )*E 1 + Z Z X X *B M W )* (Z Z X X -C S T W )* *A A * (Z Z X X + C S T W )**B B 
GO TO 22 
27 YPP=0 . DO
GO TO 22
23 I K = ( Y OP ( I , J ) - X O ) * 1 0 .D 0
DEL= Y O P ( I , J ) - X ( I K)
YPP = Y ( I K ) + D EL* ( F ( I K , 1 ) + 0 . 5DO* F ( I K , 2 ) + E 3 * F ( I K , 3 ) + 0 . 3 7 5 D O * F ( I K ,4 ) +  
1E 5 * F ( I K , 5 ))
22 SUM=SUM+YP P*Q (J )
CHECK ( I ) = 3 .DO*SU M*DEXP ( ( R E A L I+ 1 .D O ) * X ( N BC ) /3 .D O ) / ( R E A L I+ 1 .D O )
2 1 CONTINUE
XX=DABS(C H EC K(3) - A ) +DABS(CHECK(1 ) -B )+ D A B S (C HECK ( 2 ) - 1 .D O )  
1+DABS(CHEC K (5 ) - 1 .D O )
I F (  XX.G T .1 . E -2 )  GO TO 11 
WR I T E ( 6 , 1 0 3 )
WR I T E( 6 , 1 0 4 )  A ,B ,C 1  
WRI T E ( 6 , 1 0 6 )  CHECK ( 3 ) , C HECK(1 )  
WR ITE ( 6 , 1 08)  CSTAR , BBC, BBW,ETA1 
W R IT E ( 6 ,107)  CHECK(2) , C HECK (5 )
WR I T E ( 6 , 1 0 5 )  XX,R K 
WR I T E ( 6 , 1 0 2 )
DO 25 I = 1 , NBC
25 WR I T E ( 6 , 1 0 5 )  ET A ( I ) ,  Y( I )
102 FORMAT ( 2 2 X , ' E ΤΑ ' , 2 2 X , ' PSI' )
103 FORMAT ( 1 H 1 , 4 8 X , ' A ' , 2 4 X , ' B ' , 2 3 X , 'C 1 ' , / / )
104 FORMAT( 12X,'GUESSED VALUE' , 3 ( 10X, E1 5 . 8 ) , / / )
105 FORMAT ( 4 ( 10X , E 1 5 .8 ) )
106 FOR M A T (9 X , ' CALCULATED VALUE' , 2 ( 10X , E 1 5 . 8 ) , / / )
107 FORMAT('  INTEGRATION OF P S I(E T A )  OVER ETA FROM ZERO TO IN F IN IT Y  = 
1 ' , E 1 5 . 8 , / / / , '  INTEGRATION OF ET A *P S I(E T A ) OVER ETA FROM ZERO TO IN 
2 F IN IT Y  = ' , E 1 5 . 8 / / )
108 FORM AT(8X ,'CSTAR = ' , E1 5 . 8 , 8 X , ' ALPHA =' , E1 5 .8 , 9X, '  BETA = ' , E1 5 . 8 , 9X , 
1 'E ΤA1 = ' , E 1 5 . 8 / / )
11 RETURN 
END
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SUBROUTINE AMOEBA ( P , Y , N , E , F )
UPON ENTRY THE FOLLOWING PARAMETERS MUST BE PASSED:
N  - -  THE NUMBER OF VARIABLES FOR THE M INI M IΖAΤIO N
E - -  ABSOLUTE DELTA FUNCTION VALUE FOR DETERMINING CONVERGENCE.
F - -  THE NAME OF A SUBROUTINE WHICH WHEN CALLED BY CALL F ( V , X) 
WHERE V IS AN ARRAY OF N VALUES WILL RETURN WITH THE COR­
RESPONDING FUNCTION VALUE IN X .
P - -  AN ARRAY OF D IM ENSION ( N , N+4 ) WITH IN IT IA L  VALUES FOR THE 
VARIABLES X ( I )  IN P ( I , 1 )  FOR I = 1 ( 1 ) N .
Y - -  A VECTOR OF DIMENSION (N + 2 )  CONTAINING N DI S PLACEMENTS
DX( I ) IN Y ( I)  FOR I = 1 ( 1 ) N .  THESE VALUES OX ( I)  WILL RE USED 
TO CONSTRUCT THE I N IT IA L  SIMPLEX IN THE ARRAY P :
P ( I , J ) = X ( I ) +DELTA ( J - 1 , I ) * D X ( I )  FOR I = 1 ( 1 ) N , J = 1 ( 1 ) N + 1 ,  
WHERE DELTA ( I , J )  IS  THE KRONECKER DELTA FUNCTION.
EXTERNAL F
DIMENSION P (N , 1 ) , Y ( 1)
DATA RFACT1 ,R FACT2/ - 1 . 0 , 2 . 0 /
DATA CFACT1 , CFACT 2 / 0 . 5 , 0 . 5 /
DATA EFACT1 , E F A C T 2 /2 .0 , - 1 . 0 /
2000 FORMAT( 1 0 X , E12. 5 )
2010 FORMAT ( 1 0 X , 'M AX, M IN' , 5 X , 2 (E 1 2 . 5 , 5 X ) )  
2020 FORMAT ( 1 0 X , 'C ENTROI D ' , 5 X , E 1 2 . 5 )
2030 FORMAT ( 1 0 X , ' REFLECTI O N' , 5 X , E 1 2 . 5)  
2040 FORMAT( 10X , '  E X P A N S IO N ',5 X ,E 1 2 .5  )
2050 FORMAT( 10X , ' CONTRACT IO N ' , 5 X ,E 1 2 .5 )  
2060 FORMAT( 1 0 X , ' SHRINK' , 5 X , E 1 2 . 5 )
CCC I N I T IA L IZ E  SUBROUTINE PARAMETERS *
FLN= FLOAT( N )
NS=N+1 
NC=N+2 
NR=N+3 
NT = N+4
CCC CONSTRUCT IN I T IA L  SIMPLEX.
100 DO 101 J = 1 , N 
DO 102 I = 1 , N
P ( I , J + 1 )= P ( I, 1)
I F ( I . E Q. J )  P ( I , J + 1 ) = P ( I , J + 1 ) + Y ( I )
102 CONTINUE
101 CALL F ( PI 1 , J )  , Y ( J ) )
CALL F ( P ( 1 , N S ) , Y(NS) )
CCC FIND CURRENT MAX AND M IN .
200 NH=NS 
NL=NS 
YH = Y ( NS)
YL=Y( NS )
DO 201 I = 1 , N
I F ( Y ( I ) .L E .Y H )  GO TO 202 
YH=Y( I )
NH= 1
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GO TO 201
202 IF  ( Y ( I ) . G E .YL) GO TO 201 
YL=Y ( I )
NL=I
201 CONTINUE
WRI T E ( 6 , 2 0 1 0 ) VH,YL 
CCC COMPUTE CENTROID.
300 DO 301 I = 1 ,N
X = 0 . 0
DO 302 J= 1 ,N S  
I F ( J . EQ.NH) GO TO 302 
X = X + P ( I , J )
302  CONTINUE
301  P ( I , N C) = X /F L N
CALL F (P (1 , N C ) , Y C  
WR I T E ( 6 , 2 0 2 0 )  YC
CCC REFLECT CURRENT MAX THROUGH CENTROID.
400 DO 401 I= 1 ,N
4 01 P ( I ,N R ) = R FACT1* P ( I , N H ) + RFA C T 2 * P ( I ,N C )  
CALL F ( P( 1 , NR ) , YR)
WRI T E ( 6 , 2 0 3 0 )  YR 
I F (Y R . L T . YL ) GO TO 500 
X = YL
DO 402 I = 1 , N S 
I F ( I . E Q .N H) GO TO 402 
I F ( Y ( I ) . GT .X )  X=Y ( I )
402  CONTINUE
I F (Y R . G T . X ) GO TO 600 
NEW=NR 
GO TO 800 
CCC EXPAND.
500 DO 501 1 = 1 ,N
501 P ( I , N T ) = EFACT1* P ( I ,N R ) + E F A C T 2 *P ( I , N C ) 
CALL F ( P ( 1 , N T) , Y T )
NEW=NT
WRITE( 6 , 2 0 4 0 )  YT 
IF (Y T .G E .Y L )  NEW=NR 
GO TO 800 
CCC CONTRACT.
600 NEW=NH
IF (Y R .G T .Y H )  GO TO 601
NEW=NR
YH = YR
601 DO 602 I = 1 , N
602  P ( I , N T )= C F A C T 1 *P ( I , NEW )+CFACT2*P(I , NC ) 
CALL F ( P ( 1 , NT ) , YT )
WRITE( 6 , 2 0 5 0 )  YT 
IF (Y T .G T .Y H )  GO TO 700 
NEW=NT 
GO TO 800
CCC SHRINK SIMPLEX TOWARD CURRENT M IN .
700 DO 701 J = 1 , NC
I F ( J . E Q . N L )  GO TO 701
DO 702 I = 1 , N 
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702 P ( I , J ) = 0 . 5 * ( P ( I , J ) + P ( I , N L ) ) 
CALL F ( P ( 1 , J ) , Y (J ) )
701 CONTINUE 
YC=Y(NC)
W RITE(6 , 2 0 6 0 )  YC 
GO TO 802
CCC TEST FOR CONVERGENCE.
800 DO 801 I= 1 ,N  
801 P ( I , N H ) = P ( I , N EW)
YH=YR
I F (NEW .EQ.NT) YH=YT 
Y (N H )= YH
802 ERR=0.0
DO 803 I = 1 , NS
803 ERR=ERR + (Y ( I ) - Y C ) * * 2  
ERR=SQR T(E RR/ FLN) 
I F ( E RR . L T .E )  GO TO 1000
CALL ELAPSE 
WR IT E ( 6 , 2 0 0 0 ) ERR 
CCC UPDATE CYCLE DATA.
900 GO TO 200 
CCC END OF M IN IM IZ A T IO N .
1000 RETURN 
END
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N O M E N C L A T U R E
R o m an  L e t te r s
Ao c o l l i s io n  p a r a m e r  o f a p o ly d is p e rs e  s y s te m ,  d e f in ed  
by E qn . (5)
Qi  ( i  = 0, 1 ,2 ,  3 ,4 ) = d im e n s io n le s s  c o n s ta n t  g ive n  in  Eqn. (41)
B p r o p o r t io n a l i t y  c o e f f ic ie n t  in  the M a x m e l l  
c o n d e n sa t io n  Eqn. (9)
C = d im e n s io n le s s  p a r a m e te r  d e f in e d  in  E qn . (12)
C 1, Ci ' = in te g r a t io n  cons tan ts  d e f in ed  in  Eqn. (35) and Eqn. (35a) r e s p e c t iv e ly
C 2 = In te g ra t io n  c o n s ta n t  d e f in e d  in  Eqn . (38)
D = d i f f u s i v i t y  o f  v a p o r
F = fu n c t io n  d e f in e d  in  E qn . (40)
f v (v) = n o r m a l i z e d  v o lu m e  d i s t r ib u t io n  fu n c t io n
I = ra te  o f con d e n sa t io n
K = d im e n s io n le s s  c o n s ta n t  d e f in e d  by E qn . (17)
k = B o l tz m a n n 's  c o n s ta n t
L = la te n t  hea t
M = m o le c u la r  w e ig h t  o f  v a p o r
N (t) = t o ta l  n u m b e r  c o n c e n t ra t io n  o f  p a r t i c le  a t  t im e  t
No = i n i t i a l  n u m b e r  c o n c e n t ra t io n ,  e q u a l N(o)
n (v ,  t ) = p a r t i c le  v o lu m e  d i s t r ib u t io n  fu n c t io n
ρ s = s a tu ra te d  v a p o r  p r e s s u r e
ρ v
= a c tu a l  v a p o r  p r e s s u r e
R = gas co n s ta n t
r = ra d iu s  o f  the p a r t i c le
r 1 = a r i t h m e t i c  m e a n  ra d iu s  o f p a r t i c le s
r 2 = m e a n  s q u a re  ra d iu s  o f p a r t i c le s
r 3
= c u b ic  m e a n  ra d iu s  o f  p a r t i c le s
r H = h a r m o n ic  m ean  ra d iu s  of p a r t i c le s
S = s a tu ra t io n  r a t i o
T = ab so lu te  te m p e ra tu r e  o f  the m e d iu m
t = t im e
v, v~ = p a r t i c le  v o lu m e s
V+ = m e a n  p a r t i c le  v o lu m e
x = d im e n s io n le s s  v a r ia b le
Y (x ) = d im e n s io n le s s  t r a n s fo r m e d  d is t r ib u t io n  fu n c t io n
z = t r a n s fo r m e d  v a r ia b le
128
G re e k  L e t t e r s
β (  ν ,  v~) = c o l l i s io n  p a r a m e te r  f o r  p a r t i c le s  o f v o lu m e  ν  and ν
ε = d im e n s io n le s s  p a r a m e te r  d e f in e d  in  Eqn . (35)
η = d im e n s io n le s s  in depe nden t v a r ia b le  d e f in e d  in  E qn . (10)
η1 = d im e n s io n le s s  p a r a m e te r  d e f in e d  in  E qn . (35)
K = t h e r m a l  c o n d u c t iv i t y  o f  the m e d iu m
µ = v e c o s i ty  o f the m e d iu m
µ i ( i  = 1, 2, 3, 4, 5) = m o m e n t  o f  the  d is t r ib u t io n  fu n c t io n  d e f in e d  
in  E qn . (25)
µ ic ( i  = 1,  2, 3,5) = c o m p u te d  v a lu e s  o f µ i 's
p = d e n s i ty  o f  l i q u id
σ ( t ) = to ta l  s u r fa c e  c o n c e n t ra t io n  o f  p a r t i c le s  a t t im e  t
 σο = σ ( ο )  i n i t i a l  t o ta l  s u r fa c e  c o n c e n t ra t io n  o f  p a r t i c le
φ ( t ) = to ta l  v o lu m e  c o n c e n t ra t io n  at t im e  t
Фo = Φ(ο) i n i t i a l  t o ta l  v o lu m e  c o n c e n t ra t io n
ψ (η ) = d im e n s io n le s s  d i s t r ib u t io n  d e f in e d  in  Eqn. (10)
ω = d im e n s io n le s s  p a r a m e te r  d e f in e d  in  E qn . (35)
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